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Abstract— Many tasks in CAD, such as equivalence checking,
property checking, logic synthesis, and false paths analisrequire
efficient Boolean reasoning for problems derived from circiits.
Traditionally, canonical representations, e.g., BDDs, ostructural
SAT methods, are used to solve different problem instance&ach
of these techniques offer specific strengths that make thenffesient
for particular problem structures. However, neither structural
techniques based on SAT, nor functional methods using BDD-0
fer an overall robust reasoning mechanism that works relially for
a broad set of applications. In this paper we present a combir
tion of techniques for Boolean reasoning based on BDDs, stcu
tural transformations, a SAT procedure, and random simulaton
natively working on a shared graph representation of the prd-
lem. The described intertwined integration of the four tecmiques
results in a powerful summation of their orthogonal strenghs. The
presented reasoning technique was mainly developed for foral
equivalence checking and property verification but can equily be
used in other CAD applications. Our experiments demonstrat the
effectiveness of the approach for a broad set of application

Index Terms— Boolean reasoning, BDD, SAT, formal verifica-
tion, equivalence checking, property checking.

|. INTRODUCTION

M

ysis, and automatic test-pattern generation require Bmalea-

in a powerful solution for a wider range of applications. Ad-
ditionally, by including random simulation its efficiencgmbe
further improved for problems with many satisfying solutso

A large fraction of practical problems derived from the abov
mentioned applications have a high degree of structural re-
dundancy. There are three main sources for this redundancy:
First, the primary netlist produced from a register trankdfeel
(RTL) specification contains redundancies generated by lan
guage parsing and processing. For example, in industrial de
signs, between 30 and 50% of generated netlist gates ana-redu
dant [1]. A second source of structural redundancy is inftere
to the actual problem formulation. For example, a mitercstru
ture [2], built for equivalence checking, is globally rediamt.
It also contains many local redundancies in terms of idahtic
substructures used in both designs to be compared. A third
source of structural redundancy originates from repeated i
vocations of Boolean reasoning on similar problems derived
from overlapping parts of the design. For example, the iddiv
ual paths checked during false paths analysis are compdsed o
shared sub-paths which get repeatedly included in subeéque
checks. Similarly, a combinational equivalence check afda

ANY tasks in computer-aided design such as equivg_esigns is decomposed into a series of individual checkatef o
lence or property checking, logic synthesis, timing analut and next-state functions which often share a large gart o

their structure. An approach that detects and reuses stalict

soning on problems derived from circuit structures. Theee a@nd local functional redundancies during problem consinc

two main approaches used alternatively for such applinatio

could significantly reduce the overhead of repeated prougss

First, by converting the problem into a functionally canoniof identical structures. Further, a tight integration witle ac-
cal form such as Binary Decision Diagrams (BDDs), the sd4@l réasoning process can increase its performance bydprov
lution can be obtained from the resulting diagram. Secorlld & mechanism to efficiently handle local decisions.

structural satisfiability (SAT) procedures perform a syséc

search for a consistent assignment on the circuit represerit
tion. The search either encounters a solution or, if all gasgV
have been enumerated, concludes that no solution existh. B‘él

approaches generally suffer from exponential worst-case-c
plexity. However, they have distinct strengths and weasees

which make them applicable to different classes of prabtic_g X e et
{feration [4]. BDD sweeping incrementally simplifies thegh

problems. A monolithic integration of SAT and BDD-base
techniques could combine their individual strengths asdilte
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'In this paper we present an incremental Boolean reasoning
pproach that integrates structural circuit transforamgtBDD
eeping [3], a circuit-based SAT procedure, and random sim
ation in one framework. All four techniques work on a stiare
AND/INVERTERQgraph [3] representation of the problem. BDD
sweeping and SAT search are applied in an intertwined manner
oth controlled by resource limits that are increased dpeach

structure, which effectively reduces the search spaceedb AT
solver until the problem can be solved. The set of circuitgra
formations get invoked when the sweeping causes a strilictura
change, potentially solving the problem or further simpfigy
the graph for the SAT search. Furthermore, random simulatio
can efficiently handle problems with dense solution spaces.
This paper is structured as follows. Section Il summarizes
previous work in the area and contrasts it to our contrimstio
Section Il presents the ¥D/INVERTER graph representation,
which is shared among all reasoning mechanisms and outlines
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the set of transformations that are applied for its simglific approach described later, it is significantly more robushttne

tion. Section IV presents the BDD sweeping algorithm anBED to BDD conversion process.

Section V outlines the details of the circuit-based SAT proc  There are numerous publications that proposed the applica-

dure. The random simulation algorithm and overall reagpnition of multiple methods to solve difficult reasoning instes.

flow are described in sections VI and VIII, respectively. Th&or example, in [14] and [3] the authors presented a random

last two sections present experimental results and caoalsls  simulation algorithm and the mentioned method based on-stru

tural hashing and BDDs, respectively, and suggested tpeir a

Il. PREVIOUS WORK plication in a multi-engine setting. In [15] a comprehemrsiv

SAT search has been extensively researched in multiple cofftér-based approach s described that successivelyezpplil-
munities. Many of the published approaches are based on i€ engines including structural decomposition, BDDsd a
Davis-Putnam procedure [5], [6], which executes a Syste,»ﬁTPG to solve pomb|nat|01jal equivalence checking problgms
atic case split to exhaustively search the solution spacer OAll these techniques have in common that they apply multiple
the years, many search tactics improvements have been pRifcialized techniques in a sequential, independent maime
lished. The most notable implementations of CNF-based SAPNtrast, the presented approach tightly intertwines teeaf
solvers are GRASP [7] and Chaff [8]. Classical CNF-baseﬂrUCtha! methods, BDD—based .techmques, and a SAT search
SAT solvers are difficult to integrate with BDD methods an@nd applies them on a single uniform data representatioa. Th
dynamically applied circuit transformations because theya Proposed setting allows an automatic adaptation of the com-
clause-based representation of the problem. In this paper hined algorithm to match a given problem structure thatltesu

describe an implementation of a SAT procedure that works dl 2 Significant increase in the overall reasoning power.
rectly on an AND/INVERTER graph allowing a tight interaction ~ S€veral publications have suggested an integration of SAT
with BDD sweeping, local circuit graph transformationsgan@nd BDD techniques for Boolean reasoning. Cutpoint-based
random simulation. We describe a modified implementatigifiuivalence checking uses a spatial problem partitioniry a
of non-chronological backtracking and conflict-basedrigsg ¢2n Pe employed as a base to apply SAT and BDDs in dis-
and present an efficient means to statically learn impbeati  tInct parts of the' miter structure. A. particular approach][1
Trading off compactness of Boolean function represematiof'rSt.l?U”dS a'partlal output BDD starting from the cutset wehe
with canonicity for efficient reasoning in CAD applicatiomas auxiliary variables are introduced. It then enumeratesoiine
been the subject of many publications. BDDs [9], [10] mapet cubes of this BDD qnd apphes a SAT search for Justn‘ym_g
Boolean functions onto canonical graph representationss dR0Se cubes from the primary inputs. This method becomes in-
thus are one extreme of the spectrum. Deciding whether a fui@ctable if the BDD includes many cubes in its onset. Furthe
tion is a tautology can be done in constant time, at the ptessif® actual justification of individual cubes may timeoutriet
expense of an exponential graph size. XBDDs [11] propoSHtsetis chogen unwisely. A modification of this apprpacgh su
to divert from the strict functional canonicity by addingfi:  9€Sts searching through all co-factors of the BDD instead of
tion nodes to the graph. The node function is controlled pumerating all cubes [17]. Another proposal to combine BDD
an attribute on the referencing arc and can representnam Aand SAT is based on partitioning th'e circuit structure intef
or OR operation. Similar to BDDs, the functional complemerf Components [18]. As most cutpoint-based methods, asithe
is expressed by a second arc attribute and structural astHiRProaches are highly sensitive to the chosen partitioning
identifies isomorphic subgraphs on the fly. The proposed tau/A common problem with the mentioned integration ap-
tology check is similar to a technique presented in [12] arRjoaches is the insertion of BDD operations into Fhe mneplo
is based on recursive inspection of all cofactors. This sEhe of a structural SAT search. Structural SAT is efficient if tire

effectively checks the corresponding BDD branching streeet 9€rlying problem structure can be exploited for effectiveall

sequentially, resulting in exponential runtime for prabtefor search heuristics. BDDs work We||.lf redundancy.of the prob-

which BDDs are excessively large. Igm structure eIudg; an exponential .gro'wth during construc
Another form of a non-canonical function graph represention- A spatial partitioning of the application space for B®

tion are BEDs [13]. BEDs use a circuit graph with six pos@nd SAT blurs thglr individual global scope qnd separates th

sible vertex operations. The innovative component of BE[SPlication of their orthogonal strengths to differenttparin

is the application of local functional hashing, which mapy a this paper we apply BDD sweeping and structural SAT search,

four-input sub-structure onto a canonical representaticau- 0oth workln'g in an '|nterleaved manner on'the entire problem

tology checking is based on converting the BED structure inféPresentation.  This keeps both mechanisms focused on the

a BDD by moving the variables from the bottom of the diagrailoPal structure without being constrained by an arbitfzeg

to the top. Similar to many pure cutpoint-based methods, ttartitioning. In this setting, BDD sweeping incrementaiy

approach is highly sensitive to the ordering in which tha-varduces the search space fgr the SAT solver until the problem is

ables are pushed up. In our approach, we apply an extené@lﬂ{ed or the resource I!mlts are exhau.s.ted. Structunastoa-

functional hashing scheme to ann&/INVERTER graph repre- Mations are used to facilitate local decisions.

sentation. Since our graph preserves thedAclustering, the

hashing can take advantage of its commutativity which makes !!l. PROBLEM REPRESENTATION ANDSTRUCTURAL

it less sensitive to the order in which the structure is buliit TRANSFORMATIONS

the structural method fails, we apply BDD sweeping on the cir In this section we describe the basiciB/INVERTER graph

cuit graph for checking tautology. Due to the multiple fient representation that is employed as underlying data stieifbu



KUEHLMANN ET AL: BOOLEAN REASONING FOR FORMAL EQUIVALENCE CHECKING AND FURTIONAL PROPERTY VERIFICATION 3

all Boolean reasoning algorithms described in the follgvinwhether an AID vertex with the requested input arcs has been
sections. We also present several hashing schemes thateenooeated before. If found the existing vertex is reused, rottse
structural and local functional redundancies during grequ a new vertex is created using the functioew_and_vertex.
struction. Before applying the hash-lookup the two operatersaand p,
are ordered using a unique ranking criteria. This assuias th
|commutative expressions, such @sA p, andps A pp, are

A. AND/INVERTER Graph Representation and Structura
merged onto the same graph vertex.

Hashing

A directed acyclic graph is used as a structural representat Al gori t hm new_and_vertex( p1,p2) { .

of the functions to be reasoned about. There are three tyfpes o0 /* reschedule vertex for BDD sweeping */
. . . . put_on_heap( bdd_from_vertex( p1) , upper_size_limit) ;

graph vertices: A unique terminal vertex represents theteorn put_on_heap( bdd_from _vertex( p2) , upper_size_limit) :

“0” (“1") value when it is referenced by a non-complemented /* learn inplication shortcuts for SAT */

(complemented) arc. A second type of vertex has no incoming i f (hash lookup(-pi1,p2)) leamn(p1,p2);

arcs and models primary inputs. The third vertex type has two ' ' (hI"I"Sh—'Ool‘“F(’(pl’ ﬁ)m)) leam( pz, p1) ;

. . . p = alloc_vertex( p1,p2) ;

incoming arcs and represents thaiB\ of tr_le vertex functions add_ to__hash table( p. p1,p2)

referenced by the two arcsNVERTER attributes on the graph return p;

arcs indicate Boolean complementation. Using this graph re }

resentation, a reasoning problem is expressed as an adtigat

to prove a particular graph vertex to be constant “0” or “1” Fig. 2. Algorithmnew_and_vertex for allocating a new graph vertex, includ-

L. . ing restarting of BDD sweeping (Section 1V) and static lé Section V).
Similar to the construction of BDDs, theN®/INVERTER 9 9 ping ( ) e )
graph is built from the inputs toward the outputs using a setrhe algorithmew_and_vertexis shown in Fig. 2. Itis used

0{ consttrugnontopgratorst. Thedrg are dthgee batsp con?hsuct to allocate a new graph vertex and add a corresponding entry t
(1) create input, (2) create_and2, and (3)create_inverter. the hash table. This procedure also handles the re-activati

Other operators for alternative or more complex operatoas the BDD sweeping algorithm and static learning as described

composed of these basic constructors. Intermediate fincti in sections IV and V, respectively.

are passed between constructors by arc handles, whichst:on5|.|.he construction of the AD/INVERTER graph for a simple
of a reference to the source vertex gnd a pOSS'MEERT.E,R example is illustrated in Fig. 3. Part (a) represents a tircu
attribute. The same handles are applied by the reasonirig app

tion to refer to functi that tored by th h uilt for proving equivalence of nets andy, which are func-
cation to referto functions that are stored by the graph. tionally identical but have different structural implentations.

Al gori t hm create_and2( p1,p) { Functionally equivalent nets are labeled using identicahn

/* constant folding */ bers with one or more apostrophes. Fig. 3(b) shows the result

if (p1 == CONST_0) return CONST_O; of the graph construction using the algoritltneate_and?2 of

if (p2 == CONST_0) return CONST_O; . h . f th h DAF .

if (p1 == CONST_1) return po; Fig. 1. T e vertices of the graphs represempAfunctions

if (p == CONST_1) return pi; and the filled dots on the arcs symbolize thevERTER at-

if (p1 == p2) return pi; ; ; ; q

(o == o) foturn CONST 0; tributes. Note that in several cases strugturally isomiorpéts

[ . S are mapped onto the same graph vertices. For example, the
rank order inputs to catch comutativity */ . . . - "

if (rank(p1) > rank(p2)) swap pi,p2); functionsa Vv b (net 1 of the upper circuit) and A b (net1

/* check for isomorphic entry in hash table */ of the lower circuit) are identified as structurally equest and

if ((p = hash lookup(p1,p2)) == NULL) represented by a single vertex.
p = new_and_vertex( p1,p2) ;

return p;

} B. Functional Hashing
Fig. 1. Algorithmcreate and2 for the AND constructor. The simple two-level hashing scheme of algorithm

create and2 can eliminate structurally isomorphic graph

The implementation of the construction operatiomertices but cannot handle functionally identical veickat
create input is straight forward. It allocates and initial-are implemented by different structures. For example, the
izes a corresponding vertex data structure and returnsdlénarequivalence of vertices andy of the circuit in Fig. 3 cannot
pointing to it. Similarly, the operatioareate inverter simply be shown by simple hashing. In this section we present a
toggles the attribute of the handle. Fig. 1 shows the pseudmeneralized hashing scheme that identifies functionaliy-d
code for the operatiooreate_and2. The algorithm takes two tical subcircuits of bounded size independent of their @lctu
arc handles as input parameters and returns an arc hantle straictural implementation.
represents the output of then& operation. In the code, the A natural way to increase the scope of structural hashing
symbol ‘=" denotes Boolean complemention using the procevould be to divert from the two-input graph model and use ver-
durecreate inverter. The first part of the algorithm performstices with higher fanin degree. The set of possible funetion
constant folding, which automatically simplifies redundamd of a vertex with more than two inputs cannot be encoded effi-
trivial expressions in the graph structure. Next a hashpo ciently using uniform vertex operations and arc attributely.
identifies isomorphic graph structures and eliminates them Instead the vertex function should be represented by ahutr
ing construction. For this the procedurash lookup checks which is hashed in conjunction with the input referencesrtd fi



(d)

Fig. 3. Example for the construction of anNn&/INVERTER graph: (a) a
functionally redundant structure generated to check fanat equivalence of
outputsz andy, (b) corresponding two-input ¥D/INVERTERgraph built by

algorithmcreate_and?2 of Fig. 1, (c) alternative graph representation with four.

input vertices, (d) resulting two-input graph after fupatl hashing using the
algorithmcreate_and of Fig. 4.

structurally identical circuit parts. Since the number o$gible
vertex functions grows exponentially, this method is omgqg
tical for vertices with up to four inputs. For the circuit exple
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A more comprehensive approach denotefiliastional hash-
ing [1] is based on the presented two-input graph and an exten-
sion of the structural analysis that includes the two grapblb
preceding a vertex. As a result the granularity of identifyi
functionally identical vertices is comparable to the gianity
of the hashing technique based on four-input vertices. More
over, by applying this method on all intermediate verticean
overlapping manner, this approach can take advantage of ad-
ditional structural similarities that otherwise remaiteimal to
four-input vertices.

Al gorithm create_and( p1,p2) {
/* constant folding */
if (p1 CONST_0) return
if (p2 == CONST_0) return
if (p1 == CONST_1) return
if (p2 CONST_1) return
if (p1 p2) return
if (p1 —p2) return
/* rank order inputs */
if (rank(p1) > rank(pz)) swap(pi,p2);
/* check for isonorphic entry in hash table */
if ((p = hash_lookup(pi,p2)) == NULL) {
/* 3 cases depending on position in graph
if (is_var(p1) && is_var(p2))
p = new_and_vertex( p1,p2) ;
else if (is_var(p1)) = create and3(pi,p2);
else if (is_var(p2))p = create_ and3( p2,pi);

CONST_0;
CONST_0;
p2;
P1;

P1;
CONST_0;

*/

el se p = create and4( pi1,p2);
}
return p;
}
Fig. 4.  Algorithm create_and for an AND constructor that includes local

functional hashing.

Fig. 4 outlines the overall flow of the functional hashing
scheme. The first part, which performs constant folding and
structural hashing, is identical to the algorithareate_and2
of Fig. 1. In case of a hash miss, the second part includes
an extended two-level lookup scheme, which converts the lo-
cal function of the four grandchildren into a canonical rep-
resentation. During graph construction from the primary in
puts, the first level of vertices does not have four grandchil
dren and, thus, must be treated specially. If both immediate
children are primary inputs, the algorithm creates a new ver
tex using the procedungew_and_vertex, which is shown in
Fig. 2. If only one of the children is a primary input, a canon-
ical three-input substructure is created by applying trecer
durecreate_and3, and for the remaining case the procedure
create_and4is called. Since the algorithms of the procedures
create_and3 andcreate_and4 are fairly similar we limit the
description to the latter. Its pseudo-code is given in Fig. 5
The procedurereate_and3 simply implements a subset of the
shown cases.

The algorithncreate_and4first analyzes the local substruc-
ture using the proceduemalyze case It computes a signature
which reflects (1) the equality relationship of the four gian
children and (2) the inverter attributes of the six arcs. sThi
signature is mapped to one 235 different cases (for the al-

of Fig. 3(a), part (c) shows the graph model based on vertiagsrithm create_and3, the signature is mapped to one of

with a maximum fanin degree of four. Note that this methodases). By construction, the topology of the substructsire i
can identify the equivalence of the net pglir5’) but still fails  uniquely identified by this signature. Its value is then nepp
to show the same for paffr, 7’), and therefore for andy. onto an implementation index such that all structures vadémi
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Al gorithm create and4(l,r) { result in any structural reduction. Still, in some casesneltiee

I = I->left; .

Ir = I >Te¢£ht; operand’s grand-grandchildren are shared, the local temic

vl = r->left; can be rearranged such that they share at least one grahdchil
rr = r->right,

This rearrangement will enable a following functional hagh
step. For example, the expressipa= (a vV b) A ((a A b) A c)
cannot be simplified with functional hashing because it bas f

index = analyze cas€l,r);
swi t ch(index) {

case 98: /: fuzclg ilorj gin /lj g 6*/ . distinct grandchildrenfa, b, a A b, c}. However, after rewriting
i :g[ggtz:gﬂdgﬁ’”mr); recursive the expressionintg = ((aVb) A(aAb))Ac) functional hashing

return create_ and(p1,p2); /* not recursive */  can simplify the structure t9 = a A b A ¢. The corresponding
. - tep-wi raph transformations are illustrated in Fig. 7.
case 123: /* function hin Fig. 6 */ step-wise graph transformations are illustrated 9
p1 = —create_and(ll,lr);
p2 = —create_and(—ll, —lr);
return —create_and2( p1, p2) ;

case 144: /* exanple of Fig. 7 */
return create_ and(rl,rr);

a ! a
co ' co

rr
. . . @ (b)
/* remaining cases with no reduction */

return new_and vertex(l,r); a °
} b ) g
N
Fig. 5. Sketch of the algorithroreate_and4 which handles vertex construc- c

tion for substructures with four grandchildren.

. . . . . ig. 7. Example of local rewriting: (a) original graph thannot be re-
tical functions get projected onto the same index. For eash Cﬁuced by functional hashing, (b) result of rewriting usirape236 of algo-

tinct index a new canonical implementation is then gendrateithm create_and4 (Fig. 8), (c) result after recursive application of case of
Because of this canonicity and the applied vertex hashiisg tg'9°0"ithmcreate_and (Fig. 5).

method merges all functionally equivalent substructuséiec- . .

tively removing local functional redundancies. Fig. 5 fides _ 1° handle local rewriting, the algor|thqmreate_and4
pseudo-code examples to handle caieand123, which rep- 1S €nhanced by recognizing more cases in the procedure
resent the structures of anok and XNOR function as shown analyze caseand adding the corresponding indices to the im-
in Fig. 6(a). Part (b) of this figure demonstrates how furiaio Plémentation cases. In essence, the mentioned rewritiogare

hashing maps both functions onto the same vertex referen&iM is applicable if: (1) atleast one operand of theofopera-
by complemented arcs. tion is complemented and (2) the grandchildren and/or ofrild

of the operands are shared. Fig. 8 shows a modified version
of the algorithncreate_and4that includes the additional three

a a g iy
cases for local rewriting. The procedwskare tests whether
) 2 5 9 b 2 5 two given vertices share any children. In the given example o
h h Fig. 7, the left child of vertex is inverted and shares its chil-
6 3

dren with the right-left grandchild of. Here the depicted case
236 of the modified algorithm of Fig. 8 is applied for rewriting.
@) () During the implementation step the proceduareate and is
called recursively after which casd4 shown in Fig. 5 is appli-

Fig. 6. Example for merging the structures of functigns=XoR(a, b) and cable and simplifies the graph to the structure given in Rig). 7

h =XNOR(a, b) using the algorithnereate_and4: (a) resulting structure with-
out functional hashing, (b) structure with functional hiagh

Note that functional hashing is applied recursively as sho#P: Symmetric Cluster Hashing
in the implementation of the intermediate functignsand p» The previously described methods, including structurahha
of case9)8 and123 of Fig. 5. However, to ensure terminationjng, functional hashing, and local rewriting restructuhe t
the final vertex must be constructed with the non-recursige p AND/INVERTER graph only locally by examining a limited
cedurecreate_and2 shown in Fig. 2. The recursive applicatiomumber of fanin vertices. A further compression of the graph
of functional hashing often results in a significant grapfue  can be achieved by analyzing larger symmetric graph clsister
tion. For example, the two outputs in Fig. 3(a) can be merg&the idea is that expression trees utilizing a uniform symimet
by functional hashing resulting in the graph shown in payt (d vertex function (e.g., AD or XOR) represent the same Boolean

function if they have identical sets of source vertices. sThi

C. Local Rewriting equivalence is independent of the actual tree structurgand

Functional hashing, as described in the previous subsgctimutation of sources.
has the potential to compact graph representations foc-stru For identifying identical symmetric cluster functions, es
tures with shared grandchildren. However, if all four grandial cluster hashing algorithm is applied whenever a nevbA
children of the two operands are distinct, the hashing doés wertex is built. The algorithm traverses the transitiveiriaof
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Al gorithm create_ and4(,r) {
I I- >left;
Ir - >right;
rl r->left;
rr r- >right;
index = analyze casé€l,r);
swi t ch(index) {

/* rewiting cases */
case 235. /* | and r are inverted */

case 236: /* only | is inverted */
if (share,rl) || shareQi,rl) || share(r,rl)) {
return create and( create_and(,rl), rr));

if (share(,rr) || share(l,rr) || share(r,rr)) {
return create_and(create and(l,rr), rl));

}
if (sharel,r) || share(r,r)) {
return -—create and( —create_and( —il,r),
—create_and( —ir,r));

br eak;

« As soon as two functionally equivalent vertices are iden-

tified, their output structures are merged and rehashed us-
ing the algorithms described in the previous section. The
instantaneous application of structural simplificatiom ca
solve reasoning problems without building BDDs for the
entire problem structure, resulting in a significant ineeea

in the overall reasoning power and performance.

The BDD propagation is prioritized by the actual size of
the input BDDs using a heap as processing queue. As a
result, the sweeping algorithm focuses first on inexpen-
sive BDD operations and avoids the construction of large
BDDs unless they are needed for solving a problem.

The maximum size of the processed BDDs is limited by
a threshold, which effectively controls the computing re-
sources and reasoning power. BDDs that exceed the size of
the threshold are “hidden” in the processing heap and will
reappear when the sweeping is restarted with a sufficiently

large limit. This mechanism is used to interleave BDD

sweeping with structural SAT search. By incrementally

increasing the resources of the individual algorithms dur-
ing each iteration, their reasoning power continues to grow
until the problem can be solved by either one of them.

« Multiple BDD frontiers are concurrently propagated in the
heap controlled manner. This approach effectively handles
local redundancies without the need to always build large
BDDs from the graph inputs.

« When the BDD processing reaches any of the target ver-
tices that represent a proof obligation (i.e., it must be
shown to be constant, or not) one of the following steps
is applied: If the corresponding BDD represents a con-
stant, the vertex gets merged with the constant graph ver-
tex and the reasoning result is obvious (depending on the
problem either SAT or UNSAT). Otherwise, if the support
of the BDD contains only primary input variables, satisfi-
ability is proven and any paths from the BDD root to the
corresponding constant BDD node can serve as counterex-
ample. If the support contains variables from intermediate
cutsets, false negative resolution is applied.

case 237: /* only r is inverted */

/* no reduction or rewiting */
return new_and vertex(l,r);

}

Fig. 8. Sketch of improved algorithareate and4 with local rewriting.

the vertex, determines the boundaries of the symmetricsxpr
sion tree, and collects the set of source vertices. Thissken
hashed using a special cluster hash table. If identicalesrdre
found, the corresponding vertices are merged and theiutano
structures are rebuilt.

The symmetric cluster hashing is done for two function
types. AND clusters are simple to identify by just traversing the
fanin structure until inverted arcs are encountered. Dukd
duality, Or clusters are automatically handled by the same al-
gorithm. XOoR/XNOR clusters are found by recursively search-
ing for the canonical ¥R structure (shown in Fig. 6). Only one
of the two possible X¥R/XNOR needs to be identified, since the
other structure gets rewritten by functional hashing.

Note that an alternative approach to handle symmetric clus-
ters would be to build AD and XoR expression trees in a A, Basic Sweeping Algorithm

canonical manner, for example, by always building a baldnce gy g shows the self-explanatory pseudo-code for the basic

tree structure using the source vertices in some IexicdnjﬂapBDD sweeping algorithnbdd_sweep It does not include the

Pal qrder. However, our experience IS t_hat such an appr@acrbl‘ocessing of multiple BDD frontiers, which is describedtn
inferior to the presented method since it destroys up-@md .+ o nsection. The heap structure is initialized in theralv

parts of the existing (empirical'ly useful) circuit strumland aS hrocedure (see Section VIII). For this, primary inputs arie i
a result prevents many matchings that are otherwise peSSIb|tialized at the beginning of the reasoning flow using the groc

duresweep init, whereas cutset vertices are declared and ini-
IV. BDD SWEEPING tialized between the individual sweeping iterations.

In this section we describe the BDD sweeping algorithm, a The invocation of the sweeping algorithm processes all
method that systematically identifies and merges funclipnaheap BDDs that have a smaller size than the given threshold
equivalent A\D/INVERTER graph vertices that are not found tobdd_lower_size_limit. All larger BDDs remain hidden in the
be equivalent by the previously described structural nidtho heap and get processed when the algorithm is called agdin wit

The sweeping method builds BDDs for the individual graph sufficiently large threshold. During each iteration of itirger
vertices starting from inputs and multiple cut frontieraséod sweeping loop, the algorithm removes the smallest BDD from
the outputs. By maintaining cross-references betweernrdphg the heap, processes the Boolean operations for the imreediat
vertices and its BDD nodes, functionally identical versioan fanout structure of the corresponding circuit graph verssd
be found constructively during the sweep. There are sekeyal reenters the resulting BDDs onto the heap, if their size lievbe
ideas that make BDD sweeping robust and efficient: the thresholddd_upper_size_limit.
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A %Loe';pt Zmnzaeﬁgégt)(_”ert6x> { store_vertex_at_bdd, ensures that all vertices are
for all input vertices v, do { handled exactly once, unless new graph vertices are added
bdd = create_bdd_variable() ; to the fanout of an already processed vertex. In this case

store_vertex_at_bdd( bdd, v;y) ;

put_on_heal( hicap, bdd, bdd. upper_size_limit) - the procedurenew_and_vertex restarts the sweeping

process for these vertices.

return heap; « If one of the two BDD operands is missing, the BDD op-
_ eration is skipped and processing continues with the next
A ?Sféhg?kb??_fﬁ?%h;‘:% U;;temEgDD{s on hean with BDD from the heap. Note that as soon as this operand is
si ze(bdd) < bdd_lowew_zize_limit y P available,'the same BDI? opgration Wi|| be re-invoked.
whil e (!is_heap empty( heap, bdd_lower_size_limit)) do { « The merging of two vertices is done in a forward manner,
bdd = get smallest bdd( heap) ; i.e., the fanouts of the vertex, which is topologically Feat
v = get vertex_from_bdd( bdd) ; . .
[ ) . . from the primary inputs must be reconnected to the vertex
check if previously encountered */ . . : .
if (get bdd_from vertex(v)) conti nue; that is topologically closer to the inputs. Otherwise, the
store_bdd_at_vertex( v, bdd) ; merge operation may cause structural loops in the graph,
fo;)dc?l | faﬂOUt_\t/etf)t(ij%es% Vout OII v do { et which would invalidate its semantic.
= out= > ) . . . H
bddyoon: = gzt:bdd:f{gm:ﬁngﬁ o >fi£h)t) : _ Fig. 10 illustrates the mechanism of BDD sweeping for prov-
bddres = bdd_and(bddycs¢, bdd,ignt) ; ing equivalence of two functionally identical but structlly
U {get—"e“ex—from—bdd(bdd7‘€s)? different circuit cones. Parts (a) and (b) show the mitercstire
merge._vertices( vres, vout) | of the two cone$ and5’ to be compared with an XOR gate
/* return if problemsolved */ and the corresponding MD/INVERTER graph, respectively.
if (vertez == CONST_1) return SAT, The following figures show the progress of the sweeping until
) ol ;e(?m” == CONST_0) return UNSAT, equivalence is proven. It is assumed that the BDDs are pro-
store_vertex_at_bdd( bddyecs, Vout) cessed in the order of their corresponding vertices 3, 4, 3/,

and?2’. The first four iterations create the BDDs for vertices

/2 BOD for vre, cannot be constant */ 1,2,3, and4. In the next iteration, the resulting BDD node

if (vout == wertex) return SAT,
put_on_heap( heap, bdd s, bdd_upper_size_limit) ; for vertex3’ already points to the functionally equivalent ver-
¥ tex 3. Therefore, vertice8’ and3 are merged as depicted in
Eeturn UNDEC! DED; Fig. 10(c). The next figure shows the graph after veex
} has been processed and merged with vettekhe subsequent

forward rehashing identifies thatand5’ are isomorphic and
Fig. 9. Initialization procedursweep init and basic BDD sweeping algo- merges them, which further cause® be merged with the con-
rithm bdd_sweepfor deciding SAT (vertex). stant vertex. Note that for simplicity we used only struatur

hashing in this example. The resulting graph structureasvsh

) ) ) in Fig. 10(e). At this point functional equivalence is pravand
Using cross-referencing between graph vertices and the cgy;

) X . ‘ e algorithm terminates without having to build BDDs foeth
responding BDD nodes, functionally equivalent verticesloa entire miter structure.
identified. An equivalent vertex pair is found if the result,
of a BDD operation already refers to another vertex that wgs Enhanced Sweeping Algorithm with Multiple BDD Fron-
processed before. In this case both vertices are merged {farg
mediately and their subsequent parts of the graph are retiash

by the procedurenerge vertices The rehashing is applied in section starts the BDD propagation from the input verticeg.o

depth-ﬂrst order starting frqm the merged vertices towal tAs a result the size threshold of the BDD processing preslude
primary outputs and stops if no further reconvergency aecur

) . a full penetration of deeper MD/INVERTER graphs. An en-
As a result, the forward rehashing may merge the reasoning Wanced sweeping approach is based on a multi-layered prop-

get vertexvertex with the constant vertex, effectively deciding ation of BDDs that start from the primary inputs as well as

: : : a
the problem. The corresponding two checks in the inner Io?rﬁermediate cut frontiers. Using this scheme, the grapl

tensttfr? rrther:]se Eatlsets. \/Bvﬁfot;le trhti B?? |strsernttexr3\cli onrto thﬁ Zee?rle generally associated with multiple BDDs that repretesit
another check tests whether the target vertex was réacnedy |\, +ion from different cuts of their fanin logic.

this case the target vertex must be non-constant, otheitvise For the multi-layer BDD propagation, the overall algorithm

WOUl.d have been merged with a constant vertex and one of Wﬁ’ich is described in Section VIII, declares cutpoints hesw
previous tests would have succeeded. Therefore, the pndble individual sweeping steps. There are several heuristit

satisfiable since the BDD support includes only primary tnpltﬁfy vertices that represent effective cutpoints, inchgithe use
variables. '
f.

of:
The following remarks further explain particular details o, \ertices that have a large fanout

The basic sweeping algorithm as described in the previous

the sweeping algorithm: « vertices that have multiple paths to the reasoning vertex,
« The sequence by which the cross-referencing is performed in case of equivalence checking, vertices that are on the
and checked using the procedget bdd_from_vertex, border of the intersection of the two cones that form the

store_bdd at vertex, get vertex from_bdd, and miter structure.
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4 05
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oO—p
3 CONST_1 6

(e)
Fig. 10. Example for BDD sweeping: (a) miter for two funciadiy identical

circuit cones, (b) original AD/INVERTERGgraph, (c) BDDs are computed for

vertices 1,2,3,4,3’, which causes 3’ and 3 to be merged, Qi) B computed

get bdd_from_vertex returns the BDD stored for a specified
level at a vertex. If the given level exceeds the cut levehef t
vertex, the BDD of the maximally available cut level is taken
Similar to the basic algorithm, special checks are applied
when the BDD processing reaches the target vertexex.
However, since the BDDs of the vertices do not necessarily
originate from the primary inputs, it cannot be decided imme
diately if the problem is solved. First, false negative teon
attempts to re-substitute cutpoint variables of the BDDhwlie
BDDs driving the corresponding vertices (see Section IV-C)
This may cause the target vertex to get merged with a constant
vertex in which case the problem is satisfiable or unsatigfiab
for a merger with the constant “1” or constant “0”, respesitjv
Furthermore, if all cutpoint variables have been re-stlsti
the resulting BDD originates only from the primary inputfiel
problem must then be satisfiable.

Al gorit hm bdd_sweeff heap, vertex) {
whi |l e (!is_heap empty( heap, bdd_lower_size_limit)) do {

bdd = get smallest bdd( heap) ;
v = get vertex_from_bdd( bdd) ;
level = get level from_bdd( bdd) ;

i f (get bdd_from_vertex( v, level)) conti nue;
store_bdd_at_vertex( v, bdd, level) ;

for all fanout_vertices vou: Of v do {
bddjeft get_bdd_from_vertex( vous- >left, level) ;
dright get_bdd_from_vertex( vout- >right, level) ;
bdd_and( bdd;c ¢, bdd,ight) ;
get vertex_from_bdd( bddyes) ;

Tes

Ures
if (U'r'es) {
merge_verticey vres, Vout) ;
i f (vertex == CONST_1) return SAT;
if (vertex CONST_0) return UNSAT;
} else {
store_vertex_at_bdd( bddres, vout) ;
store_level at bdd( bddes,level) ;

}
if (vour == vertex) {
resolve false negative v) ;
if (vertex == CONST_1) return SAT;
i f (vertex == CONST_0) return UNSAT;
/* non-constant |evel-0 BDD */
i f (get bdd_from_vertex( vertex,0)) return SAT;
}
put_on_heap heap, bddyes, bdd_upper_size_limit) ;
}
}
ret urn UNDECI DED;

}

for 2’ which causes 2’ and 2 to be merged, (e) forward hashingses 5 and Fig. 11. Enhanced BDD sweeping algorithm with multi-layeBDD frontiers

5’ to be merged and 6 be merged with the constant vertex thumgahe
reasoning problem.

Based on the declared cutpoints, the cut levdlevel (v)
of a circuit graph vertex is recursively defined as follows:

0 if v is primary input

mazx(c_| evel (v->left),c_l evel (v->right)) +1
if v is cutpoint

mazx(c_| evel (v->left),c_| evel (v->right))
otherwise.

clevel(v) =

for deciding S AT (vertex).

C. False Negative Resolution

The algorithm to resolve false negatives in shown in Fig-
ure 12. To fully explore BDDs constructed for the different
levels of the target vertex without memory explosion, thmel
ination process is also controlled by a heap. In each iterati
the smallest BDD is taken and its topmost cut variable resub-
stituted by the corresponding driving function. The rasglt

The cut level is used to define cut frontiers and to aligBDD is then checked for a functionally equivalent vertexttha

the BDD propagation with these frontiers.

Fig. 11 showsas been processed before. If found, both vertices are herge

the modified sweeping algorithm that supports the handlitmgnd the subsequent parts of the circuit graph are rehasltled. O
of multiple BDD frontiers. As shown, the additions mainlyerwise, if the size of the resulting BDD is smaller than theegi

involve a level-specific handling of BDDs.

The procedurbmit, it is reentered onto the heap for further processing.
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Al gori t hm resolve false negatives (v1) { Al gori t hm sat_init( vertex) {
for level =0 to c_level (vy) do { stack = new_stack() ;
bdd = get bdd_from_vertex( vi, level); assigr{ vertez, 1) ;
put_on_heap( compose_heap, bdd) ; if (imply(vertex)) {
d_level = push_on_stack( stack, NULL) ;
limit = bdd_lower_size_limit; d_level- >mark = 0;
whi |l e (!is_heap empty( compose_heap,limit)) do { d_level- >queue = justification_queue;
bdd = get smallest bdd( compose_heap) ; d_level->v = dequeue vertex( d_level- >queue) ;
v = get vertex_from_bdd( bdd) ;
bddyar= get _cutvar_from_bdd( bdd) ; return stack;
if (bddyar) { }

v = get vertex_from_bdd( bddvar) ; . I

level = g_lével (Voar); (bdrer) Al gori thm justify ( stack) {

bddfune. = get_bdd_from_vertex( vyar, level —1); while (1) {

bddyes = bdd_composé bdd, bddyar, bddfync); i f (backtracks++ > sat_backtrack_limit)

Ures = get vertex_from_bdd( bddy.s) ; ret urn UNDECI DED,

if (vres) { d_level = pop_from_stack( stack) ;

) el”;eég?{_Venlces( Vres, ); if (!d_level) return UNSAT; /* exhausted */

. | abel :
;ﬁregxeﬁggaaéggfpdw(ebﬁf;' 2 ) if (1d_level->v) return SAT; /* justified */
— — — 1 Tes) s
} /* try all values one by one;
} continue fromlast value after
} returning from hi gher decision |evel */
} for all values for d_level->value do {

assigr( d_level- >v- >left, d_level- >value) ;

if (imply(d_level->v->left)) {
d_level push_on_stack( stack, d_level) ;
d_level- >mark tail_pointer( assignment_list) ;
d_level- >queue justification_queue;

Fig. 12. Algorithm to eliminate false negatives.

V. STRUCTURAL SAT SOLVER d_level- >v dequeue vertex( d_level- >queue) ;
goto | abel;
A. Basic SAT Procedure }
. . /* failed undo assignnments and reset queue */
The structural SAT solver is based on the Davis-Putham pro- undo_assignment$ d_level- >mark) ;
cedure working on the presentedB/INVERTER graph. It Justification_gueue = d_level- >queue;

attempts to find a set of consistent value assignments for the} }
vertices such that the target vertex evaluates to a logital “1
Unsatisfiability is proven if an exhaustive enumerationgioet
uncover such an assignment. Fig. 13. General Davis-Putnum SAT procedure for decidingl (vertex).
Fig. 13 provides the top level view of the SAT algorithm con-
sisting of two routines, the procedusat init, and the proce-
durejustify , which handles the case splitting and backtraclsuch as the number of backtracks. If during the current ap-
ing. The overall SAT search is based on a processing qudieation ofjustify this number exceeds a given threshold, the
justi fication_queue that contains all vertices for which aSAT solver interrupts its search and returns control to #ie ¢
consistent assignment must be found. The algorithm atemistg procedure. This supports an interleaved applicaticihef
to sequentially justify these vertices using a branchdaodrd SAT search with BDD sweeping as described in Section VIII.
case enumeration. Note that due to their uniformpAfunc- Furthermore, by preserving the state of the decision staek b
tionality, only vertices that are to be justified to “0” ne@dide  tween subsequent invocations, the SAT algorithm can coetin
scheduled on that queue. A required logical “1” at a vertex outs search from the point it stopped earlier without repaigte
put implies a “1” at both of its inputs and is handled direttly searching previously handled subtrees. This reentratitum
the procedurémply. Further, if the value of a vertex output isality is implemented in the procedujestify by checking the
not yet specified (“X”) it does not need to be justified sincg arbacktrack limit each time the search returns from a highei-de
value setting at its inputs will lead to a consistent setting sion level. If the limit is exceeded, the control is returtethe
The procedursat_init first assigns the target vertex to “1"calling, overall process and the backtracking is postpameiti
and propagates all implications using the procedupy. Un- justify is called again. Note that the setupsat_init ensures a
less the target assignment results in an immediate conflieti correctinitialization of the first stack entry.
ates the first stack entry for the procediustify. This entry =~ The details of the algorithaimply forimplication processing
contains all “to-be-justified” vertices that have beenecéd are shown in Fig. 14. Its implementation takes specific advan
by imply. The following call of the procedurgustify then tage of the underlying AD/INVERTER graph structure by ap-
performs a systematic case search by recursively proggahkin plying an efficient table-lookup scheme for propagatingdog
gueue vertices and enumerating for them all valid inpugassi implications. The routinesnply andimply _aux iterate over
ments (two for Boolean logic). In the case that the assigtsnethe AND/INVERTERgraph and determine at each vertex all im-
of a search subtree result in a conflict, a marking mechanigied values and the directions for further processing.
allows undoing all assignments up to that decision level. Fig. 15 gives an excerpt from the implication lookup table.
The tight integration of the SAT solver into the overall fram As described above, for Boolean logic only one case, a justifi
work requires an execution control by providing resoungetd  cation request for a logical “0” at the output of amB vertex,
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Al gorit hm imply(vertex) { .
for all fanout_vertices vout Of wvertex do { current state| next_state action
: Lo )
if (! imply_aux(vout)) return O; 1 -~ 1 -~
_ PO X | po—X sToP
return imply_aux(verter) ; X X
} 0 0
~- ~-
B - O—p O—p
Al gori t hm imply_aux( vertex) { Nad 1 Nad 1 CONFLICT
value = get value( vertez) ; X X
lvalue = get value( vertez- >left); o o CASE SPLIT
rvalue = get value( vertex- >right) ; x 7 x 7 -
current_state = (value, lvalue, rvalue); 0 0
o x o PROP_FORWARD
next_state = lookup( current_state) ; Nl Nl -
switch (action) { " 1
case STOP: . ~~
1 o1 PROP_LEFT_RIGHT
return 1; x 7 [ iad - -
case CONFLI CT:
return O;

case CASE_SPLIT:
enqueue vertex( vertex, justification_queue) ;
return 1;
case PROP_FORWARD:
assigr( vertex, next_state- >value) ;
for all fanout_vertices vous Of vertex do {

Fig. 15. Excerpt of the lookup table for fast implication pagation applied
in the procedurémply of Fig. 14.

tracking skips the evaluation of case alternatives if theezo

if (!imply_aux( vout)) return O; . o . ;
sponding case splitting vertex was not involved in any lewer
return 1; level conflict. Second, conflict-based learning creates-add
case PROP LEFT Rl GHT: tional implication shortcuts, which reflect the assignrsehat
assign vertea- >le ft, next_state- >lvalue) ; caused a conflict. These redundant structures result in addi
assigr( vertea- >right, next_state- >rvalue) ; tional implications, which detect subsequent, symmetoic-c
if (!imply(vertez- >left)) return 0; . -
if (!imply(vertez->right))  return 0; flicts earlier.
return 1; Conflict analysis requires tracking the logical impact cdea
} split assignments on the conflict points. Other impleméorat
return 1; (e.g., [7]) apply an implication graph for which the nodes-co
¥ respond to variables and edges reflect single implicatiepsst
_ o In the given setting, the conflict graph manipulation during
Fig. 14.  Implication procedure to then®/INVERTERgraph. each step of thenply routine would severely impact its per-

formance. To reduce this penalty, we apply a scheme that di-

requires scheduling a new vertex on fheti fication_queue. 'SCUY COlleCts the responsible case assignments as awside f
All other assignments result in one of three cases: (1) a cdipn of the implication process. This mechanism uses a anfli
flict occurred, in which case the algorithm returns and baCth-vector where each bit repregents a case vertex in the dec
tracks, (2) further implications are triggered, which are-p SIoN tree. I.n other word;, t_he t_nts _of this vector represeat t
cessed recursively, or (3) the vertex is fully justified, ihigh SOUrce vertices from which implication sequences werdestar

case the procedure returns for processing the next elenoent f 1 1€ table lookup in functioimply is expanded to also deter-
the justi fication,_queue. mine the controlling sources for the propagation of the écinfl

The lookup table is programmable for different logics. FJ?it-vec.tors. The actual propaggtion is-don.e by word-wide O
example, using a different table the procedimeply can operations of these vectors during the implication seqeieAs
equally b'e applied to implement a parallel, one-level reiver a result, when a conflict is reached, the active positions®f t

learning scheme using nine-valued logic [19]. Due to its unl?it—vectc')r reflect the. decisions vertices that are resmxlmﬁ)r .
formity and low overhead, the presented implication alioni thls assignment. Thls scheme reduces the speed of the'z.a’npllc
is highly efficient. As an indication, on a Pentium IIl clasaim tion process by typically less than 50%, a penalty that idyeas

chine it can execute several hundred thousand backtracks FESet Py the average gain.
second on typical circuit structures. For being benefical f The resulting conflict bit-vectors are used to control thekba

the overall performance, any gain that is potentially achde tracking mechanism. If all choices of a decision level resul
through additional structural analysis must offset theultegy @ Conflict, the backtrack level is determined by the lowestlle
slowdown of thémply function. In [8] and [20] a similar rea- that was involved in a conflict. This is implemented efficlgnt

soning is given for efficient implementations of SAT and ATP@Y Pit-vector operations. The combined conflict bit-vear
algorithms, respectively. flects all responsible assignments for that part of the detis

tree and is passed upward to the next backtracking level.
Further, the conflict bit-vector is examined for compact
B. Improvements to the SAT Procedure clauses to learn. Its function is directly mapped onto a
1) Conflict Analysis: Advanced SAT solvers use conflictAND/INVERTER graph structure representing that conflict. To
analysis to skip the evaluation of assignments which are syavoid excessively large learned structures, we apply abbri
metric to previously encountered conflicts [7]. Two mechdimitation similar to [7]. However, instead of just restiitg
nisms are used for this purpose: First, non-chronologiaekb the maximum number of conflict variables, we also take their
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assignment into account, effectively estimating the sizthe A 90ri t hm simulate( vertez) {

N L. for all input vertices v, do {
eliminated decision subtrees. set value( viy,, random_word()) :
2) Static Learning: An effective mechanism to exploit the } | 0
HA H H simulate_aux() ;
structurg of the AD/INVERTERgraph is |I'Iustrate.d in Fig. 16. if (getvalue(vertex) 1= 0) return SAT:
By reusing the vertex hash table applied during graph con- ¢ se return UNDECI DED;

struction, a pair of vertices that implement the functipng, }

and p1pz can be detected using two hash lookups. Thisal gorithm simulate_aux() {

configuration occurs often in practical designs, for exampl fOE éll" Yeféti \fi;lsje(v igl tf(;)ppl ogi cal order do {
in multiplexer-based data exchange circuits that switctada 0" = S0-a o Sranns) -
streams between two sources and two destinations. By adding i f (is_inverted(v->left)) lvalue
two additional vertices to the graph, an implication shatrtc it (is_inverted(v->right)) rvalue
can utilize the existingmply function. If a logical0 is sched- value et y(’vrgmaer)“_’( lvalue, rvalue) ;
uled for both output vertices, the implication procedune ica- - ’ ’

mediately justify the entire structure and bypass the twseca }

splits. This learning structure is created statically amegrated

into the vertex allocation algorithmew_and_vertex, which is  Fig- 17. Random simulation algorithsimulate.
shown in Fig. 2. Note that the learned vertices are builtgisin

the regulacreate_and routine which may cause additional cir-
Cuit restructuring or learning events.

word_not( lvalue) ;
word_not( rvalue) ;

Input constraints split the set of values at the primary in-
puts into two parts, the “valid” or “care” set and the “indli
0 or “don’t care” set. The problem of Boolean reasoning under
a4 input constraints is to find a consistent assignment withe t
Py X P1 y care set. A convenient method for expressing and storingtinp
P, " P, cs<v constraints in the given setting is based on charactefistic-
(@) (b) tions that can be stored and manipulated as part of the dveral
Fig. 16. Learning fo(pip2 = 0) A (p1p2 = 0) = (p1 = 0): (a) original AND/_I NVERTER graph. The glraph-representation for the char-
structure, (b) structure with learned implication shottcu ' acteristic function can be built using the standard cowestiu
operations, which are described in Section Ill. Its resuthien
asserted to be logical “1”, meaning that all input valued tha
VI]. RANDOM SIMULATION evaluate this function to “1” are considered to be the cate se

Many problem instances of Boolean reasoning are satisfiableThe simplest method for handling input constraints is based

and have dense solution spaces. The most effective approg %haefizftrgf;:? tfr:r::] Zomﬁégstﬁlerggzzmnt;eglﬁﬁ;ggntt
for finding a satisfying assignment for such problem is oftelf 9 PP g algornms
based on pure random simulation. The design of a random il sulting ANP vertex. However_, for s.tructur.al simplification,
ulation algorithm is straight forward. In this section weelfly D sweeping, gnd random simulation, thls_approach .VVOUld
describe the details of its implementation in the givensgtt result n a S|gn|f|qant pgrformange degradation, espgciall )
The presented AD/INVERTER graph is highly suitable for the fraction OT valid assignments is very smal!. A more .em'
an efficient word-parallel implementation of random simula'ent mgthod Is to keep the Characterlst|cfungt!ons qfﬂiprmﬁ
tion. The pseudo code for the corresponding algorithmic o CONStraints separate andto ha.ndle thgm specifically inreash
shown in Fig. 17. After assigning random values to the prjma?omng a_lgonthm. In the.foIIowmg secpons we e""?bof"’?t‘m
input vertices, a levelized processing using word-wicdeMAand me(?hanlsms: to handle input constraints by the individua re
NOT instructions propagates the resulting assignments towarg""9 algorithms.
the target vertices. A check for satisfiability of a targateris

simply done by a parallel comparison of its value with theozeA. Structural Representation
word. Note that by applying proper reference counting, @ly s mentioned before, input constraints are simply expresse
single value frontier needs to stored during their profagat 55 characteristic functions and represented as verticésein
which results in a sublinear memory complexity [14]. AND/INVERTER graph. The resulting constraint vertices are
marked for special handling for the SAT solver, BDD sweep-
VII. INPUT CONSTRAINTS ing, and random simulation. Fig. 18 gives the pseudo code for
Many Boolean reasoning problems require an efficient hatie algorithm that asserts a graph vertex to constant “1”. As
dling of input constraints, typically referred to as “docdres”. shown, the algorithm consists of two parts: First, a locallan
For example, in combinational equivalence checking, inpysis of the asserted vertex searches farXand XNOR struc-
constraints express the Boolean subspace for which thedwo tlires. If found, the input vertices of these functions asegsd
signs under comparison have to be functionally identicéle T to be equal by structurally merging them with the same merge
remaining input combinations represent don't cares forctvhi function applied for BDD sweeping (see Section 1V). Second,
the functions may differ. Other problems that require effiti if no XOR or XNOR is found, a structural conjunctive decom-
processing of input constraints occur during synthesisvand position of the assertion function is attempted. This isedbn
ification of incompletely specified functions. recursively traversing the ®D tree driving the asserted vertex.
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The resulting individual conjuncts are then separatelygeér would immediately schedule all asserted vertices to béigrbt

with the constant “1” vertex. This merge has the advantagee ttio “1”. The resulting search flow would then be identical to
structurally isomorphic functions, which are part of théuat the flow produced by the presented approach using a separate
reasoning problem can be identified as constant withoutwany fpre-processing step.

ther processing. The forward rehashing, which is appliedrwh

this vertex is merged with the constant vertex, automayical

simplifies the subsequent graph structure.

Al gorithm assert to_1( vertex) {
if (is_var(vertex) { /* leaf vertex */
merge_vertice§ vertex, CONST_1) ;
} el se if(is_inverted( vertez- >left) &&
is_inverted( vertez- >right)) {
/* search for XNOR and XOR structures */
if (vertex->left->left == —wertex- >right- >left &&

D. Random Simulation

To achieve high coverage in random simulation, it is essen-
tial to avoid simulating input values that are don't cares. |
particular for sparse care sets, a pure random value smlecti
from the entire Boolean space may result in no coverage.at all
For generating valid input combinations in the presented ra
dom simulation approach, the SAT solver is applied to search

(vertex- >left- >right == —wertex- >right- >right) {
i f (is_inverted(vertex)) { /* XNOR */
merge_verticeq vertex- >left- >left,
vertex- >le ft- >right) ;

for satisfying assignments for all vertices that are aesett

“1”. However, instead of stopping the search once a solution
is found, the SAT procedure continues to traverse the search
tree. For each encountered solution, the input values ®r th
satisfying assignments are recorded and later simulatéukin
word-parallel manner presented in Section VI.

}
el se { /* XOR */
merge_verticeq vertex- >left- >left,
—wertex- >left- >right) ;

}

) return; VIIl. OVERALL ALGORITHM

/* recursive conjunctive deconposition */
if (!is_inverted( vertex)) {

assert to_1( vertezx- >left) ;

assert to_1( vertex- >right) ;

} else { /* no further deconposition */
merge_vertice§ vertex, CONST_1) ;

The overall algorithm that combines structural transforma
tions, BDD sweeping, SAT search, and random simulation is
outlined in Fig. 19. For each reasoning query the algorithsa fi
checks if the structural hashing algorithm solved the pobl
Interestingly, for a large number of queries in practicallaga-

} tions the structural test is successful and immediatelesahe

problem. For example, in a typical ASIC methodology, equiv-
Fig. 18. Algorithmassert to_1 for asserting a vertex to “1" that representsalence checking is used to compare the logic before and after
an input constraint. insertion of the test logic. Since no logic transformatibase
actually changed the circuit, a simple structural checkices

B. BDD Sweeping to prove equivalence.

Input constraints can be used during BDD sweeping to iden gor i t hm check SAT(v) {
tify additional sets of vertices that are functionally egént if (v == CONST_1) return SAT;
for the care set only. This is accomplished by restricting th T (v == CONST_0) return UNSAT;
vertex BDD to the care set before it is checked for a pre-exjst ies rzans?gma?é(g'.at ton */
vertex references and put onto the heap. The BDD restrictioni f (res ! = UNDECI DED) return res;
is done by ADing it with the set of BDDs generated for the
constraint vertices, which are asserted to “1”. Since the co
straint handling is conservative and cannot produce fadgan
tives, this restriction can be done dynamically. As soorhas t . . N
BDDs for the individual constraint vertices become avdéab while (! 'S—heap—.empw( heap, bdd_upper_size_limif)) do {

. /* try to justify */
through the heap controlled processing, they can be used to r res = justify ( stack)
strict all existing and future vertex BDDs. if (res ! = UNDECIDED) return res;
/* BDD sweeping till no nore cutpoints found */

C. Structural SAT Solver do {

. . . . . res = bdd_sweef{ heap, v) ;

The existence of input constraints implies for the struadtur if (res != UNDECI DED) return res;
SAT search that the values of all asserted constraint esrtic y Wh{guzljglo;ng)@_and_i”“_CUtPOi”tS( heap, v) ;
must be preset to constant “1”. Furthermore, these valued ne bdd lower sive l’imz't
to be fully justified, which is accomplished by adding thereer sat_backtrack_limit
sponding vertices to thgusti fication_queue. Both require- }
ments are implemented in a pre-processing step before the acsat_backtrack_limit = maz_sat_backtrack_limit,
tual SAT search starts. Note that for structural SAT this ap, "€turn justity (stack);
proach is identical to the method in which the asserted ver-

t?ces are simply Combineq with the t?‘rget vertex by anjungfg. 19. Overall reasoning algorithm integrating BDD swiagp SAT search
tion. For that method the first application of timeply function and random simulation.

/* initialize BDD sweeping */
heap = sweep init(v);

/* initialize SAT search */
stack = sat init(v);

+= delta_bdd_limit,
+= delta_sat_limit;



KUEHLMANN ET AL: BOOLEAN REASONING FOR FORMAL EQUIVALENCE CHECKING AND FURTIONAL PROPERTY VERIFICATION 13

Next random simulation is applied to quickly check for a sat-
isfying assignment. If simulation cannot solve the prohlem
SAT search and BDD sweeping are first initialized and then
invoked in an intertwined manner [4]. In the inner loop, a
call to the justification proceduiestify is alternated with an
invocation of multiple sweeping iterations. After each BDD
sweeping step, the cutpoint selection heuristic impleebirt
procedurefind_and_init_cutpoints is applied to search for
promising cutpoints. Newly found cutpoints are initiatiagith
fresh BDD variables, which are then added to the processing
heap. As long as new cutpoints are detected, BDD sweeping is

restarted until the problem is solved or the cutpoint salads : H 1
, HH H Hﬂﬂmm

Distribution of circuit sizes

Number of examples

" - N N © ©
5 5 8 i 8 ol
T : T T T

]

]

]

i i i i i

@

exhausted. In the latter case the reasoning algorithmnetor
the SAT solver to search for a satisfying assignment. Nate th
BDD sweeping may merge vertices that are on the justification
queue of the SAT solver. This artifact is handled by preseyvi Fig. 20. Distribution of circuit sizes for the experiments.
the merge information and explicitly processing the SAT limp
cations for all merged vertices. %

During each iteration of BDD sweeping and SAT search, the -
size limit for sweeping and the backtrack limit for the SAT " m ]
solver are increased. In this setting, these algorithmstljust ool 1
independently attempt to solve the problem. Each BDD sweep-
ing iteration incrementally compresses theVINVERTER
graph structure from the inputs toward the target vertexckvh
effectively reduces the search space for the SAT solvers Thi
interleaved scheme dynamically determines the minimum ef-
fort needed by the sweeping algorithm to make the SAT search 20t .
successful. If the iterative invocation of BDD sweeping and
SAT search was not able to solve the problem, the algorithm N’HHH W :
applies the SAT solver with a maximum backtracking limit as of - Hﬂﬁﬁﬁﬂﬁﬂgﬁ i e
a final attempt to find a solution in a brute-force manner. Note Ratio of number of vertices (functional hashing / simple hashing)
that in this case the sweeping process is stopped by the limit _ _ _ ,
bdd_upper_size_limit. This limit prevents the processing OfFlg. 21. Comparison of graph reduction of simple versustfonal hashing.
excessively large BDDs.

2 25 3 35 4 45 55
Number of vertices (log10 scale)

Circuit graph compression using Functional Hashing

a0 : 4

Number of examples

will lead to more functional mapping, we do observe few cases
IX. EXPERIMENTS where enlargement in the circuit takes place compareduo-str

In order to evaluate the effectiveness of the presented 4@l hashing. However, this increase is easily offset by
proach we performed extensive experiments using 488 tircU[! Other parts of the circuit. The results suggest that thee pr
randomly selected from a number of microprocessors desighigted hashing method is not only useful for Boolean reagoni
The circuits range in size from a fet0 to 100K gates with a Ut ¢an also be applied for general netlist compression.
size distribution given in Fig. 20. The number of outputs emd
puts per circuit range from a few 100 to more than 10,000. Tl Formal Equivalence Checking
experiments were performed on a RS/6000 model 270 with a

64-bit, two-way Power3 processor running at 375 MHz andt8 %j) Interlfa\t/e(tjhlnvc;fcat;orf] ?r:( B.DtD ISweezlng allnd tsglt;
GBytes of main memory,. 0 demonstrate the effect of the interleaved applicatioBD

sweeping and structural SAT search, we chose a miter struc-
ture from a particular equivalence checking problem. Froen t
A. Functional Hashing above mentioned circuits, we selected an output pair whash h

In the first experiment, we evaluated the effectivenessef tB7 inputs, 1322 gates for the specification and 2782 gates for
AND/INVERTER graph structure and functional hashing. Fothe implementation.
this we constructed the circuit graphs for the design specifi In a series of experiments the BDD sweeping algorithm was
cations and compared the sizes generated by simple hastdpglied to the original miter circuit with varying limits fahe
described in Section IlI-A with the results of the functibnaBDD size. After sweeping, the SAT solver was invoked on
method presented in Section IlI-B. The histogram for the sizhe compressed miter structure and run until equivalense wa
reduction of the circuit graphs is plotted in Fig. 21. As show proven. Table | gives the results for different limits on BeD
on average the given sample of circuit representations eandize. As shown, there is a clear trade-off between the effort
reduced by50%, the runtime overhead for all runs was neglispent in BDD sweeping and SAT search. For this example the
gible. Since it is not clear which choice of recursive branabptimal performance was achieved with a BDD size limit of
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TABLE |
PERFORMANCE OFBDD SWEEPING ANDSAT SEARCH FOR VARIOUS
BDD SIZE LIMITS (HIGHLIGHTED ENTRIES CORRESPOND TO GRAPHS
SHOWN IN FIG. 22).

BDD BDD Sweeping SAT Search Total
Size Memory [kB]7 # Backtracks / Memory [kB] 7
Limit Time [sec] Time [sec] Time [sec]
20 342/0.00 2407939 /347.17| 342/347.17
2! 347/0.64 115/7.40 347/8.04
22 349/0.60 115/7.47 349/8.07
24 358/0.66 87/6.93 358/7.59
26 372/0.78 43/6.88 372/7.66
28 396/1.18 43/7.03 396/8.21
210 791/1.67 43/6.57 791/8.24
212 2212/ 4.22 43/6.30 2212/10.52
214 2219/6.98 43/6.15 2219/13.13
216 8381/12.14 2715.27 8381/17.41
217 8540/19.16 0/0.00 8540/19.16

incremental and intertwined manner heuristically adjtrstsef-
fort spent by each algorithm to the difficulty of the problem.

Fig. 22 shows the two outputs forming the miter structur
for three selected runs for which the corresponding enénies
highlighted in Table I. In the drawings, all inputs are piosied
at the bottom. The placement of thei vertices is done based
on their connectivity to the two outputs which are locatethat
top. AND vertices that feed only one of the two outputs ar|
aligned on the left and right side of the picture. Vertices tire
shared between both cones are placed in the middle. Furt
filled circles and open circles are used to distinguish betwe
vertices with and without BDDs, respectively.

Part (a) of the picture illustrates the initial miter stuuret
without performing any BDD sweeping. As shown, a nu
ber of vertices are shared as a result of structural andituradt
hashing. In order to prove equivalence at this stage, the S
solver would need about 2.4 million backtracks. Fig. 22(
shows the miter structure after performing a modest BD
sweep with a size limit of 16 BDD nodes. It is clear that many
more vertices are shared at this point. The SAT solver can now
prove equivalence using only 87 backtracks. The last part of
the picture displays the miter structure when it is compyete
merged by BDD sweeping. Here, the equivalence proof re-
quired building BDDs for all miter vertices.

2) Overall Performance in an Industrial Setting:In a
further experiment, we evaluated the overall effectivenafs
the combination of BDD sweeping, structural transformadio
structural SAT, and random simulation. First, to provideran
tuition of the required computing resources in a typicalisd
trial application project, we ran a full equivalence chegkthe
given set of designs using the presented approach. All dgsig
are correct, i.e., the specification and implementatiorfuare-
tionally equivalent. Fig. 23 provides two histograms shayvi
the distribution of the runtimes and memory use. As showa, th
majority of circuits can be compared within a few ten seconds
using less than 100 MBytes of memory.

3) Comparison of Combined Approach with Simple BDD'
Sweeping: Next, we compare the presented comprehensive
approach with the original plain BDD sweeping algorithm a&!
described in [3]. For the former, BDD sizes were varied fro o
a bdd_lower_size_limit of 2* to a bdd_upper_size_limit of

g.
ag
DD size limit of 2%, (c) sweeping result with BDD size limit &7,
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BDD size limit: 20
Vertices left cone only: 87
Vertices right cone only: 139
Vertices shared: 170

« BDD built
> no BDD built yet

Number of backtracks: 2407939

BDD size limit: 2
Vertices left cone only: 56
Vertices right cone only: 29
Vertices shared: 196
Number of backtracks: 87

BDD size limit: 27

Vertices left cone only: 0
Vertices right cone only: 0
Vertices shared: 216
Number of backtracks: 0

©

22. Example the two outputs forming the miter structatedifferent
es of BDD sweeping: (a) no sweeping performed, (b) sweepsult with
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(b) Fig. 24. Comparison of the original BDD sweeping algorithrithvine new

) ) ) ) algorithm for equivalence checking: (a) runtime, (b) meynor
Fig. 23. Computing resources for equivalence checkingegthen set of 488

circuits: (a) runtime distribution, (b) memory distriboni.
a counter example of length or less. We implemented the
928 with a delta_bdd_limit of 21. The sat_backtrack limst Pounded model checking approach in a transformation-based

ranged from a low of 1000 to a high of 1000000 with 400! setting. For proving a particular property, the desiign

delta_sat_limit varying between 1000 and 5000. The resulCriPtion is converted into a bit-level netlist.
are given in Fig. 24. As shown, the majority of circuits could !N 0ur experimental setting the netlist s first simplifiediby
be compared using significantly less time, sometimes two &atively applying a sequence of reduction engines inoydi
ders of magnitude less. The memory consumption remainfd & combinational simplification engine based on the pre-
about the same. The performance for a particularly complgknted algorithm and (2) a retiming engine for sequential op
circuit is marked in both diagrams. This design containg86, imization [22]. The first engine eliminates functionaliyev-
gates, 302 primary inputs, 2,876 outputs, and 2,200 latch@ent cwcunlstructures, and removes redundant reglsfélng
The verification run included 5,076 comparisons and 231,289¢ond engine reduces the number of registers by applying an
consistency checks (checks for all nets, prohibiting ftaaor |LP-Pased min-area retiming algorithm. ~After simplificati
collision Condition) and could be accomplished in 246 Sd&)nthe ne.tllst is verified with th.e above mentioned bounded rhode
versus 8.3 hours using 82 MBytes versus 357 MBytes for tf8€cking method by checking a sequence of SAT problems.
new and old method, respectively. In a first experiment, we compgred the effectiveness of the
presented approach, which combines structural and furadtio
] hashing, BDD sweeping, and SAT against a plain application
C. Formal Property Checking of the SAT procedure only. Both methods work on the cir-
For evaluating the effectiveness of the presented appifoachcuit graph that was compressed by simple hashing only (as de-
property checking, we integrated the algorithms in a bodndscribed in Section I11-A). For this experiment we used 40gpro
model checking setting. Bounded model checking [21] is thaserties from the given set of designs that are boundedly cbrre
on a sequence of combinational property checks using a finjie., the target states are not reachable within the ginéoidr
unfolding of the design under verification. By systematical ing limit). In this experiment, the unfolding length varied-
increasing the unfolding depth frointo a bounded integet, tween 6 and 25 time frames.
this approach checks whether the property can be disproved bThe results of the comparison are depicted in Fig. 25. Each
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Fig. 25. Comparison of the application of plain SAT versiesihesented com- Fig. 26.  Comparison of the application of random simulatiensus the pre-
bined approach to prove unreachability in a bounded modadkihg setting.  sented combined approach to prove reachability of easyttproperties in a
bounded model checking setting.

TABLE Il
PERFORMANCE OF BOUNDED MODEL CHECKING FOR VARIOUS SWEEPING ‘ Time in seconds ‘
LIMITS FOR THE MARKED PROPERTY OFFIG. 25. 10 g
BDD Graph Size | SAT Search Performance .
Size # Vertices | # Backtracks| Memory [kB]/ 2 ol |
Limit Time [sec] I &
20 1669 967887 924/1549.86 It
2! 1228 6563 4494/10.21 o
22 1228 6563 4496 /10.43 58wt oren 5240 o
23 1228 6563 4497/10.51 5¢ « - x
24 1222 6221 4498 /9.43 E E
2° 1211 5590 4501/ 8.59 54 e
26 1203 4396 4503/ 6.65 E% ot * ]
27 1188 4484 4504/6.71 © . .
28 1188 4484 4505 / 6.80 )
10° L L L L

10 10" 10° 10 10"
SAT only

marker in the diagram represents a particular property laad t
position indicates the performances of the two approachss. Fig- 27. ~ Comparison of the application of plain SAT versus finesented

. . . . combined approach to prove reachability of hard-to-hipprties in a bounded
shown, the combined approach is vastly superior, sometiyies;e| checking setting.
several orders of magnitude. This result is particulartgriest-
ing because, in contrast to an application in equivaleneelch
ing, the unfolded circuit structure does not necessariht@io pensive but exhaustive techniques such as BDD sweeping and
a large number of functionally identical nets that cannadlise SAT to hit difficult targets, or to prove targets unreachable
covered by simple structural hashing. The efficient haigdih In a last experiment, we selected 10 deep, hard-to-hit prop-
these cases demonstrates the significant robustness aad verties from the given set of designs. None of these propertie
tility of the presented approach. As an illustration, thaipl could be handled by the simulation approach used in theprevi
application of SAT search required 1550 seconds for provimgis experiment. Here the unfolding depth varied betweeon 17 t
the property highlighted in Fig.25; in contrast the combiap- as much as 400 for some particularly hard satisfiable prigsert
proach used only 7 seconds. Table Il shows the performané&dg. 27 illustrates the run times for the combined approach-c
for various BDD sweeping limits and gives the correspondirmgared against an application of the SAT-solver alone. Aghin
compression of the graph structure. combined approach vastly outperforms the use of SAT alone.

In a second experiment, we evaluated the effectiveness of
simulation in the presented setting. For this, we compared
the plain application of random simulation [14] with an irepl
mentation that includes hashing, BDD sweeping, and SAT. Weln this paper we presented a combination of techniques
used 396 easy-to-hit properties from the given set of desigfor Boolean reasoning using structural transformatiori3PB
In this experiment, the unfolding depth varied between 6 amstveeping, a SAT solver, and random simulation in a tight in-
25 time frames, depending on the depth of the counterexatmgration. All four methods work on a shared®/INVERTER
ple. We found that simulation significantly outperformaistr graph representation of the problem and are invoked in an-int
tured search techniques, such as SAT, in hitting reachalgett twined manner. This unique integration results in a robust-s
states. Fig. 26 illustrates the run times for random sintat mation of their natively orthogonal strength. Using an astee
versus the combined approach. It reaffirms our view of usirsgt of industrial problems we demonstrate the effectivenés
simulation to discharge easy to hit targets and utilizingemex- the presented technique for a wide range of applications.

X. CONCLUSIONS
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The outlined approach is well suited for formal equivalendeo] Sandip Kundu, Leendert M. Huisman, Indira Nair, Vijayehgar, and

checking. Itis currently integrated in the equivalenceoiirey Lakshmi Reddy, “A small test generator for large designs,Pioceed-
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the presented reasoning method is equally applicable tr oth Amsterdam. The Netherlands, March 1999, pp. 193-207

CAD applications, such as logic synthesis, timing anajy®is [22] Andreas Kuehimann and Jason Baumgartner, “Transfiomaased ver-

formal property checking.

(23]

ification using generalized retiming,” i@omputer Aided Verificatign
Paris, France, July 2001, pp. 104-117.
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