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Abstract. In symbolic model checking, image computation is the process of
computing the successors of a set of states. Containing the cost of coage
putation depends critically on controlling the number of variables that appea
the functions being manipulated; this in turn depends on the order in which the
basic operations of image computation—conjunctions and quantificatioles—a
performed. In this paper we propose an approach to this orderitepne—the
conjunction scheduling problem—that is especially suited to the case in wigich th
transition relation is specified as the composition of many small relations i§Th
the norm in hardware verification.) Ofine-grainapproach leads to the formula-
tion of conjunction scheduling in terms of minimum max-cut linear arrareggm

an NP-complete problem for which efficient heuristics have been dexeldhe

cut whose width is minimized is related to the number of variables activeglurin
image computation. We also propose a clustering technique that is geared to
the minimization of the max-cut, and pruning techniques for the transition rela
tion that benefit especially from the fine-grain approach.

1 Introduction

Reachability analysis computes the set of states of a statsition system that are
reachable from a set of initial states. Besides explicitwoes [18] for traversing states
one by one and SAT-based techniques [1] for deciding distéotinded reachabil-
ity between pairs of state sets, symbolic methods [9, 5] leriost commonly used
approach to this problem. Symbolic methods employ BDDs \iar purposes: (1) to
collect the set of reachable states for deciding when a fistpsireached, and (2) to
represent the systems’ transition relation. Without Idsgemerality, we will limit our
description to forward state exploration. Because of teginmetry, all methods pre-
sented in this paper are equally applicable to backward statersal.

Each traversal step consists of an image computation tlatlates the set of states
reachable in one transition from a set of current statestti®purpose, the BDD rep-
resenting the transition relation is conjoined with the BDLthe current states. This
is followed by an existential quantification of the curretdts variables to eliminate
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the origin information, and a renaming step to re-encodestate set in terms of the
current-state variables. Except for small systems, thsitian relation can seldom be
stored as a single BDD. Instead, it is represented in a jgaeid manner. The con-
junctively partitioned transition relation [4] is the magimmon form and consists of
a set ofconjuncts The advantage of the partitioned form is that the image stap
be performed step-wise by a series afioperations between the current-state BDD
and the individual conjuncts of the transition relationisTallows the application of
early quantification to eliminate variables as soon as tlepime dead, i.e., they be-
come unreferenced by any of the following conjuncts. Thimigicantly alleviates the
computational complexity of the image computation step.

The partitioned implementation of the image computati@p gfoses an optimiza-
tion problem with two interdependent goals: (1) to find aigiarting of the transition
relation that has small BDD representations for the indiglcconjuncts, and (2) to de-
termine a conjunction and early quantification schedulé riaimizes the maximum
BDDs size of the intermediate results. This problem is reftto as theconjunction
scheduling problerma simplified version of it is NP-complete [14].

Traditional approaches to the conjunction scheduling lerakare based on coarse-
grain methods [12, 17, 15, 8]. Their motivation comes from iticentive to avoid the
large number of intermediate variables that are needed firea grain partitioning.
Coarse-grain methods start from large conjuncts, typicaitire next-state functions,
and try to further cluster them with the goal of finding a salledhat can eliminate a
maximum number of variables as early as possible. Only iBB® for a next-state
function cannot be built within a given memory limit, cutpts are applied to partition
its clusters [2]. In these methods the insertion of cutmoistriven by BDD size limits
only and does not take into account its effect on the clusgeésult.

In this paper we propose a different approach to the clugfend scheduling prob-
lem. Instead of starting from large clusters that represamiificant fractions of the
next-state functions, we begin the process with a fine-grartitioning based on single
gates or small fanout-free sub-circuits. The resultingdarumber of conjuncts is then
carefully clustered with the objective tminimize the maximum number of variables
that are alive during image computation, and to furteéminate as many variables
as possibleby making them local to single conjuncts. This variable el@tion pro-
cess can also be used to remove state variables, which iprumes the corresponding
registers from the transition relation.

2 Motivation

We motivate the fine-grain approach of this paper by dematisgy the effect of differ-
ent clusterings on the complexity of the transition relamd quantification schedule.
We use a logic circuit example as it best demonstrates oemtioh; however, the pro-
posed approach is equally applicable to structures thathwitier systems. Fig. 1(a)
shows a sequential circuit with two primary inputs, one riynoutput, and three reg-
isters storing the circuit state. Part (b) gives the comwadng state-transition graph of
the circuit with an initial state described by the predichte —z; A 25 A —x3.
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Fig. 1. Example to illustrate the impact of clustering on register pruning: (a) cistuitture, (b)

state-transition diagram, (c) original partitioned transition relation, (d)sitian relation after

one pruning step, (e) quantification schedule used for reachabilitysaaaff) state sets visited
during breath-first forward traversal

The transition relatior” is constructed using one pair of variables for each state
holding element. In the exampléry, 22, 23} and{y1, y2, y3} denote theurrent-state
variablesandnext-state variablegespectively. For the input variables and individual
conjuncts of the partitioned transition relation we ysg , w»} and{C1, Cs, Cs}, re-
spectively. The transition relatidfi for the given circuit is shown in Fig. 1(c).

Since the primary input variables, andws occur only locally withinCy andCs,
respectivelyl’ can immediately be pruned by existential quantificatiomltesy in T’
(Fig. 1(d)). The elimination ofv; causesC, to become a tautology, which can be
removed fromT'. As a result the current-state variahte is no longer driven by its
next-state variable, and becomes unconstrained. This effectively removes the co
responding register from reachability analysis becatisg> are not involved in the



renaming step and are also not part of the BDD recording thefseachable states.

It should be noted that this differs from removing periphedatches [6] because the
registerzs /y, feeds other gates. Since the removal is caused by the deage of a
next-state variable, we will refer to this techniquedaskward register pruningn this
example, the variable, cannot be further pruned because it occurs in two conjuncts.
However, in general pruning can be applied in multiple iierss.

Fig. 1(e) gives the resulting quantification schedule ufiegoruned transition rela-
tionT”. As shown, in the firstimage computation stepmust be constrained by the set
of initial states. In the following steps, remains local td”, establishing a relation be-
tweenC; andC, only. Note that in this example, only one backward pruniregp stas
applied, thus the transition relation for the first and faflog image step is identical.
However, in general, multiple backward pruning iteraticiméerleaved withforward
pruning (as described later), can successively remove more regi§enerally, a tran-
sition relation that has been pruneddlyackward pruning iterations must not be used
before image computation stép- 1, otherwise unreachable states could be introduced
in the reachability results. For the given example, Fig) dépicts the individual sets of
reached states as they are encountered during breadtioffivetrd traversal.

A different clustering of the transition relation can fuethreduce the size of its con-
junctive form. Similar to the complete elimination of, andw-, additional variables
can be removed by existential quantificatibthey are made local to a single conjunct
Fig. 2(a) shows the modified circuit example with the addiiovariablews for par-
titioning the conjuncts”; and Cs and part (b) gives the updated transition relation.
Besides(';, Cs, andC3, which express the next-state relations of the registeadsd
includes the conjunat'y, which relates the variables to its driving function.

This finer grain partitioning provides more freedom to itaely quantify variables.
As shown in Fig. 2(c-e), multiple pruning steps can suceegsreduce the transition
relation until it contains only a single, simple conjundtsk the existential quantifica-
tion of w; andws eliminatesCs, resulting in7”. In contrast to the clustering applied in
the previous case, herg becomes now local t@', and can be quantified in the next
pruning step resulting ift”’. As explained above”’ cannot be applied for the first im-
age computation since at that pointmust be constrained by the initial states. Fig. 2(f)
shows the quantification schedule to be used for exact redithanalysis. After the
initial application of7T” all following steps can use the pruned relatibh.

Similar to backward prunindorward register pruninglenotes the removal of regis-
ters based on the disappearance of current-state variibthe given example, forward
pruning can be applied to remove registgyy, sincex; has disappeared froffi’ as
a result of the previous pruning step. In other words, theadxs of the current-state
variablez; in 7" makes the actual binding of the next-state variable fronpthgious
image step superfluous. Thys can be removed frorfi”’ by existential quantifica-
tion, which in turn eliminateg’;. As a resultws becomes local to the only remaining
conjunctC3 and can also be eliminated producifgf .

Due to the existential quantification gf, the use ofl””’ for forward image compu-
tation results in an over-approximation of the set of résglstates. The corresponding
effect is demonstrated in the top part of Fig. 2(h). As shawae,application off”” for
the second traversal step produces, among others, thechal#a stat€0, 1,0). Note
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Fig. 2. Example of Fig. 1 using a different partitioning: (a) circuit with additional ¢ariable
ws, (b) original transition relation, (c-e) transition relation after multiple prgrsteps, (f) quan-
tification schedule using” for the first image step and@”’ for all following steps, (g) pruned
schedule usin@”” for the second and following steps, (h) over-approximated reachataifitylt
using pruned schedule (top part) and result after applying one tiometep using”’



that the application of a transition relation which has bésward pruned once can
only result in arover-shootindyy at most one transition. In other words, in case of sim-
ple forward pruning, the maximum distance of an over-apipnated state from a truly
reachable state is one. In general, the applicatignfofward pruning iterations results
in a maximum over-shooting distance pfTherefore, the over-approximated reacha-
bility results can be corrected by applying a sequenceaafditional image steps using
the unpruned transition relation. The bottom part of Fidp) 2{ustrates this correction
for the given example.

In summary, the application of pruning requires that thegeneomputation at step
must not use a transition relation that has been backwardgedronore than — 1 times.
Furthermore, over-approximated reachability result$ #na produced by a transition
relation derived frony forward pruning iterations, can be corrected;jgpplication of
the exact transition relation. In Section 3.4 we describalgarithm that dynamically
prunes the transition relation as the state traversal pssgs.

The advantage of the presented approach is that the mapbiityage computation
steps can use the pruned transition relation. Once a fixpoieached, the exact set of
reachable states is determined from the over-approximétyoapplying one or more
exact steps. Since the computational bottleneck of BDdbasachability analysis
typically occurs in the middle of the traversal, this meth@dn significantly improve
the overall efficiency. Further, the over-approximatiotight, in many practical cases
even exact. If a given set of properties can be proven fortidjig approximation, the
correction step is not needed.

3 Algorithms

3.1 Preliminaries

We model a sequential circuit as a transition structilre= (T, I) consisting of a
transition relation'(y, ) and an initial predicatd (z). The binary variablex =
{z1, ...,z } are the current state variables, while the binary variaptes{yi, ..., ym }
are the next state variables. Given a predidate) describing a set of present states,
the set of their successor$(y), is theimageof P(x) and is given by

S(ly) =3z . P(x) NT(y,x) . (1)

The states of< reachable from the states Incan be computed by successive image
computations. Denoting liyY P(z) the predicate obtained by replacing theariables
with the z variables in the image dP(x), the reachable states are given by

R(z) = puZ(x) . I(x) VEY Z(z) , (2)

wherey indicates computation of the least fixpoint. We assume tieatransition rela-
tion is given as the composition of elementary relations ¥ {w1,...,w,} is a set
of binaryinternal variables withn > m, our assumption amounts to writing:

T(y2)=3w. N\ @wiow)r N Ti(wz) . @)

1<i<m 1<i<n



The variables inv are usually associated with the outputs of the combinattiiggic
gates of the sequential circuit; ea€his called agate relationbecause it usually de-
scribes the behavior of a logic gate. For instance;y;ifs the output variable of a two-
input AND gate with inputsv; andxy, thenT; = w; < (w; A xi). If, on the other
hand,w; is a primary input to the circuit, thef; = 1. Each term of the forny; < w;
equates a next state variable to an internal variable. (Thubof the gate feeding the
i-th memory element.)

When computing (2) for large circuits it is seldom practicaévaluatel’(y, x) be-
fore computing the images. This is especially true when B[3Dare used to represent
the relations. Instead, one substitutes (3) into (1) to get

S)=3.3w.P@)r N\ wieow)rn N\ Ti(wz) . (4)
1<i<m 1<i<n
The main advantage of using (4) stems from the ability to yap@kly quantification
while conjoining the terms of the transition relation to #et of states. Indeed,

Jda . g(b) A f(a,b) = g(b) AJa . f(a,b) , (5)

though, in general, existential quantification does nadrithiste over conjunction. Ap-
plication of (5) turns an image computation into a seriesasfses. Each pass replaces
two terms with their conjunction and quantifies all variablleat appear in only one of
the resulting terms.

Early quantification reduces the number of variables thpeapin the BDDs ob-
tained as intermediate results during the computation)oit&impact depends largely
on the order in which the terms are conjoined. Teajunction scheduling problem
is the problem of determining an order of the terms in (4) tealuces the time and
memory requirements of image computation. The evaluatig@)aequires in general
repeated image computations. It is usually advantageadagéahe conjunctions in (4)
that do not involveP(z) only once before reachability analysis is started. Aftesth
conjunctions have been taken, image computation amouetstaating

Sy)=3x.Fw.Plx)n )\ Ci(y,w,z) , (6)

1<i<k

where eaclC; is acluster obtained by conjoining one or more terms from (4), and
quantifyingw variables not appearing in any other cluster. During the maation,
early quantification is applied according to the followirgpeme.

S(y) =3 . (CLA---ATP . (Cl AT P)) (7)

wherev’ is the set of variables ifwUw)\{, ;< v thatdo not appear iy, . .., C;_1.

Too many clusters lead to needless recomputation, whesedew clusters, or ill-
assorted clusters, may adversely affect early quantificafiheclustering problems
the problem of finding a suitable partition of the terms ofifd clusters that reduces
the time and memory requirements of image computation.

Though in principle the scheduling and clustering problearsnot be separated, it
is common practice to order the conjuncts before clustettiegn. Clustering is then
restricted to terms that form intervals in the order [17€Showever, [14] for a dis-
senting voice.)



3.2 Conjunction Scheduling via Linear Arrangement

We formulate the conjunction scheduling problem in termBrafar arrangement of a
hypergraph.

Definition 1. AhypergraptG = (V, H) consists of a set of verticdsand a multiset of
hyperedgegi. Each hyperedge is a subsefiofAlinear arrangemerf G is a bijection
a:V-=AL... |V}

The maximum cut-width (G, «) of hypergraph= under linear arrangementis the
maximum number of hyperedges crossing a section of the grapmally,

I'G,a) = 1212')(‘/‘ {heH:Jueh.Fveh. afu) <i<alv)} . (8)
The minimum max-cut problersks for a linear arrangementof hypergraphG that
minimizes I'(G, «). This problem is NP-complete [11], but effective heuriggch-
niques have been developed for it.
Given a set of cluster§ = {C;(y, w, x)}, leta(C) be the set of variables appearing
in the clusters of”. We consider the hypergraph

Ge=(C,{{Ci:vec({C})}:veyUwUaz}) . 9)

In G each vertex models a cluster, and each hyperedge modeisklgalhe vertices
connected by a hyperedge are the clusters in which the pomdig variable appears.
Hyperedges may be repeated because several variables peayr apexactly the same
clusters. (This is a slight departure from the standard diefinof hypergraphs.)

A linear arrangement of G corresponds to a conjunction schedule for image
computation. The maximum cut-widii(G¢, «) is the maximum number of live vari-
ables during image computation. Solving the minimum matxgroblem forG¢ is
therefore related to finding a good conjunction schedule.

When the transition relation of structufe is given in the form of a logic circuit,
the list of clusters” is obtained as follows. Initially, one conjunct is created éach
gate in the circuit, and for each next state function as showB). For large circuits,
the resulting large number of conjuncts may hinder the cdatjmn of a good linear
arrangement. Thereforignout-freeregions of the circuit are selectively collapsed.

The same conjunction schedule for a given transition watas typically used for
the computation of the images of several sets of states.nergk the predicates repre-
senting these states will depend on different sets of vi@salle make the conservative
assumption that all current state variables appear in $etsef states. This is achieved
by augmenting” with a dummy cluster that depends on all variables.ifthe position
of this cluster is fixed at the beginning of the linear arrangst. Likewise, a second
dummy cluster depending on all next state variables is atlWédand its position is
fixed at the end of the linear arrangement.

Once the initial list of clusterg’ is obtained, we invoke CAPO, [7] to obtain a
single-row placement of the vertices@f. CAPO produces a linear arrangement with
a small maximum cut-width, while also trying to reduce thakaire length. The length
of a (hon-empty) hyperedge is the maximum distance in trengement between two



vertices belonging to the hyperedge. In the context of intageputation, the maximum
cut-width translates into the peak number of variablesdpirnage computation, while
the length of a hyperedge corresponds to the lifetime of mbk. Is is noted in [15]
that reducing the average lifetime of variables reducesithes of the BDDs and the
cost of operating on them. In terms of tlependency matrigf the transition relation,
a good linear arrangement results in a srhathdwidth

It is also possible to use linear arrangement to producetis staiable order for
the BDDs (cf. [13]). For that we model a variable as a vertexi a cluster as a hyper-
edge connecting all the variables appearing in the cluBterBDDs of the clusters are
ordered according to the arrangement of the vertices béferelustering algorithm of
Section 3.3 is applied.

3.3 Clustering

Clustering reduces the number of conjunctions that musakentduring image com-
putation by collapsing groups of clusters. Another impariabjective is to make the
early quantification of variables from the transition rilatpossible.

The input to clustering is a linearly arranged set of clisst@ihe output is a re-
duced set of clusters. Each output cluster is the conjumcii@ set of contiguous input
clusters. In other words, the clustering process respleetgiven linear arrangement.

Definition 2. Given a linear arrangemernt of a set of cluster¢’, a variablev is dead
outside positiong andj if v appears in cluste€’y, only if i < a(C%) < j. The number
of variables that are dead outside positianand j is denoted byD; ;. The number of
variables that are not dead outside positianand j, and that appear in cluster§’,
such thati < o(Cy) < j is denoted by ;.

According to this definitionD; ; is the number of variables that can be quantified if
the clusters between positionand are merged, whilé/; ; is an upper bound on the
number of variables appearing in the result of the merger gfiantification.

Fig. 3 shows a heuristic clustering algorithm. The alganititerates until no new
clusters are created in one pass. At each pass, it creagtfdandidates. Each can-
didate is a contiguous set of clusters. The list is orderedkreasing order ab; ; to
favor candidates that allow many variables to be quantifisda tie-breaker, the upper
bound on the number of variables in the resulting clustesé&luThis policy favors the
creation of small clusters that may be merged in subseqaessegs.

The number of candidates considered by the algorithm of3-ig.quadratic in the
number of clusters. This may be inefficient. Therefore, ttaa implementation limits
the maximum number of clusters in a candidate to 200.

Once the list has been sorted, the candidates are examineahirif the result of
merging all the clusters in the candidate is smaller thareaipd threshold, the can-
didate is accepted and the result of the merger replacdseatltisters in the candidate.
All other candidates having clusters in common with the ptastone are rejected.

To limit the cost of this phase, the conjunction of the cltste a candidate is aban-
doned as soon as it exceeds the threshold (even though miogjonore clusters may
eventually bring the size down again). Furthermore, alldidaies that are supersets
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GREEDYCLUSTERING(C') {
while (1) {
CalculateD; ; andV; ; of C;
nClusteringDone = 0;
F=();
for (i = 0;¢ < |C[;i++) {
usedf] = newli] = false;
for (j =i+ 1;5 <|Cl|;j++)
Insert quadruplg’ = (4, 4, D;,;, Vi,;) into F;
}
SortF in order of decreasing; ;
in case of tie, give higher priority to entries with smallér;;
foreach fin F' {
if (usedf] || -- - || usedf]) continue;
Cij=Ci N+ NCy;
if (BDDSIZE(C},5) <ThesholdValug {
nClusteringDone++;
for (k =i; k < j; k++) usedk] = true;
Cj = Ciy;
new[j] = true;
} elsefree C; ;;

}
if (nClusteringDone == (hreak ;
Remove fromC clusters that are markagedand notnew

Fig. 3. Greedy clustering algorithm

of the set of clusters whose conjunction exceeded the tbietsine discarded. These
details are omitted from the pseudocode of Fig. 3 to avoitteru

3.4 Pruning

During the initial linear arrangement and clustering theuagption is made that all cur-
rent state variables will appear in the predic&ter) whose image must be computed.
As seen in Section 2, relaxing this assumption may lead t@rextensive application
of early quantification. We now describe how this processisied out.

The algorithm of Fig. 4 applies pruning while computing thetes reachable from
I according to the transition relation described®y

Theorem 1. If forward pruning is excluded, then algorithmeaCHABLE of Fig. 4
correctly computes the states reachable frbaccording toC.

Proof. We show by induction that at theth iterations of the main looR(x) describes
the states reachable fromin i steps or less. This trivially holds far= 0. For the
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REACHABLE (C, I)

R(z) = P(z) = I();

while (1) {
PRUNE (C, P);
S(z) = EY P(z);
N(z) = S(z) A =R(z);
if (N(z)=0)return R(z);
R(z) = R(z) V N(z);
P(z) =pPICK (N(z),S(x)); /I choose a small BDD foP such thatV < P < S
existentially quantify fromP(z) the variables not ir$'(x);

}
}

PRUNE(C, P) {
X ={z;:9; ¢ 0(C) Ay g o({PY) A3i.xj € 0({Ci}) As & o(C\{C:H};
C =3X.C; /lbackward pruning
Y={y;:2; €o(C)NTi.y; € c({Ci}) Ny; € o(C\{Ci})};
C =3Y.C; [/l forward pruning
do { // intermediate variable quantification
W =A{w; : Ji.w; € o({Ci}) Aw; € o(C\{Ci})};
C=3aw.c,;
} while (W # 0);

Fig. 4. Reachability analysis algorithm

inductive step, we prove that pruning the transition retatioes not change the result
of successive image computations. Since pruning condistégiential quantifications,
the new transition relation contains the old one. Hencetaie $s dropped fron$ ().

To see that no states are added, assume that at the start ofntheeration, P
describes states reachable frénm exactlyi — 1 steps, and the states reachabléan
more steps can be correctly computed using the cufrent

Supposer; is pruned at the-th iteration. Then, it does not appearit and it ap-
pears in exactly oné€’;. Therefore, if the original” were used for image computation,
early quantification would apply, and pruningf would occur as part of image com-
putation. Hence, pruning af; does not affec5. By simple induction on the number
of pruned variables one concludes that backward pruning doechange the result of
image computation. (Quantifying; obviously does not change the resulbif appears
in exactly oneC;.)

Sincey; does not appear i if z; is pruned, thern:; does not appear i§(z).
Furthermore, the choice @t for the next iteration preserves this property. Sifcg S,
after quantification of the variables not fhfrom P, the result is still contained if.
Since the variables not in the incomidgare not in the newP either, the pruning at
iterations is valid also at successive iterations. O
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Notice that the quantification of the variables notSiirom P is can be avoided at the
expense of complicating the proof. Moreover, thstrict operator [10] can be used to
selectP so that no variables not ifi appears inP.

It should be noted that the effectiveness of pruning is eodduby the ability of the
clustering algorithm to reduce the number of terms in whishrable appears.

Lemma l. Let Ty, ..., T, the sequence of transition relations generated by forward
pruning. Specifically, leTy, = T, andT;,, = 3Y; . T;, whereY; is the set of next-state
variables quantified because their corresponding curate variablesX; are not in

T;. (Thatis,X; No(T;) = 0 andY; NY; = () for 0 < j < i.) LetEY, compute the
successors of a set of states using transition relafiprThen

Proof. Expanding both sides, and observing that) < 3X; . I(z), we get

3X; . I(x)v \/ EYL,, I(x) = 3X; . I(x) v \/ 3X; . EY] I(2) .
J>0 >0

The two sides can be shown to be identical by recursive agiic of Lemma 1. O

Theorem 2. Let R*(x) be the result produced by reachability with forward pruning
Then the reachable states are given by

R(z) =vZ(z). R (z) A (I(z) VEY Z(z)) . (10)
Proof. Let R;(x) be the result of reachability analysis usifig We have:
Ri(z) = I(z) VEY,; R;(z) ,
which, applying (5) and Lemma 2, becomes

Ri(z) =
Ri(z) =

I(x) VEY;3X; . Ri(z) ,

I(x) VEY;[Riy1(z) vV 3X; . I(2)]
I(x) V EY; (HX I(x)) VEY; Ri11(x)
and fromI(z) < R;;+1(z), we finally get

Therefore, we can compute the exact reachable sfates = Ry(x) by starting with
R*(x) = Ri(z), and iteratively applying (11). We now observe tiat> T for 0 <
1 < k, and consequently,

Therefore,Ry(z) = vZ(z) . RT(z) A (I(x) V EY Z(z)). Convergence is guaranteed
in k iterations. o
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Theorem 3. ProcedureREACHABLE computes the reachable statestof= (T, I).

Proof (sketch)To account for the interleaving of backward and forward prgnwe
observe that each transition relatidhobtained by forward pruning is applied from a
set of states that is betweé(x) andR; 1 (z) < R;(x). Hence, if used to convergence,
it computesR; (). O

4 Experiments

We implemented the proposed method in VIS [2]. Experimergsanducted on 1.7GHz
Pentium 4 with 1GB of RAM running Linux. We compare the fingigrmethod (de-
noted by FG) to the IWLS95 [17], Hybrid [16], and MLP [15] meti® In these exper-
iments, we turned on dynamic variable ordering for BDDs aerdset the data size limit
to 700MB. Figure 5 compares the four methods in the contertathability analysis.
Each experiment was allotted 20,000 seconds.

The experiments show overall improvements in CPU time anchong usage. The
proposed method outperforms the IWLS95, Hybrid, and MLP waghin most hard
benchmark examples, such as s4863, am2901, prolog, an@.d9838e case of ro-
tate32, which is the 32-bit rotator, all the transition ftioos contain all the present
state variables. It means that there is ho good quantifitatitbedule without interme-
diate variables. The good result for FG witnesses its ghilitchoose a good set of
intermediate variables.

CPU time for each method

A /"
10% -4 y
T\
AW
VN
L
10° -4
—_ b
D H
) /
() "
£ .t
e IR
I
2 102,’,‘.
O i
E
{
g
!
/
10 ;
! WLS95 — —
u f
Hybrid --------
{ MLP ----------
@ ‘Fl‘neG‘ral‘n‘ ‘
1 iy
N 5 4 Q@ m g N 8§ o o No g odm ST oo g o
mn 2800w agdagcTdorim o~ 0 oo
2892200 ®mOFTIINITINTD®OGD
T c N ES N Jd©® 208 ®M@pdoodnl) oo
5 E QS Y m ¥ x SR B A R I BT B B B R e B =
<) g < 10 < = A © @
n %] [%] (20 %]
S 0o
(5]
Design

Fig. 5. Performance comparison
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Table 1 reports the number of state variables before andagifdying pruning. We
can prune all the state variables in the case of s4863 an@sg8thence, the transition
relations can be reduced to the constant 1. This means thegdlchability analysis step
is trivial. However, the recovery step is hard because itpates the exact reachable
states from the set of all states. In Fig. 5, most CPU time 8684and s4863opt is
consumed by the recovery step.

Table 1. Number of state variables before and after optimization

\ Before [ After
Design [Present Stajélext StatgPresent Sta{élext State
prolog 136 136 114 112
s1269 37 37 36 36
s1423 74 74 72 72
s1512 57 57 46 46
s3271 116 116 115 115
s3330 132 132 113 112
$3384 183 183 120 119
s4863 104 104 0 0
s48630pt 88 88 0 5
s5378 179 179 159 159
s5378opt 121 121 83 83
$6669 239 239 175 164
s6669opt 231 231 167 148

5 Conclusions

We have presented an approach to image computation for sigmbachability anal-
ysis that exploits the fine-grain structure of the tranaitielation. In the case of hard-
ware circuits, such structure is represented by the cortibiva gates that make up the
next-state functions; the approach, however, is geneha.advantage of a fine-grain
approach is the ability to accurately place intermediatéises in the transition rela-
tion so as to promote extensive early quantification. We pagsented three techniques
that rely on this feature: A procedure for the computatiothef conjunction schedule
based on minimum max-cut linear arrangement; a clustetgayithm, and a variable
pruning algorithm that works in conjunction with the starelaymbolic reachability
analysis procedure.

Preliminary experimental results show great promise ferfthe-grain approach,
especially in cases when the circuit implementing the {temsrelations are deep and
have large BDDs. In these cases other image computatioeguoes tend to place in-
termediate variables suboptimally. There is still consitiée work to be done to reduce
the overhead of our clustering algorithm.
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