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Abstract

Functional symmetries provide significant benefits for multiple
tasks in synthesis and verification. Many applications require the
manual specification of symmetries using special language features
such as symmetric data types. Methods for automatically detecting
symmetries are based on functional analysis, e.g. using BDDs, or
structural methods. The latter search for circuit graph automor-
phisms which imply functional symmetry. In this paper we present
a method for finding symmetries of Boolean functions based on a
two-step approach. First, the circuit structure is modified to maxi-
mize its structural regularity and thus the number of inherent auto-
morphisms. The next step implements a fast algorithm for detecting
the automorphism generators of the circuit graph. The generators
provide a compact representation of all automorphisms which in
turn encode a subset of the functional symmetries. Because of its
pure structural nature, our approach avoids the complexity issues
inherent to methods using BDDs, yet it still works automatically
and independently from the input specification format. However,
the described method may not detect all functional symmetries,
however, our experiments demonstrate that it can find the major-
ity of the symmetries present in practical circuits.

1 Introduction
Functional symmetries denote input permutations of Boolean

functions that are an invariant with respect to the computed output
value. They play an important role in logic synthesis and func-
tional verification as they provide a valuable insight for efficient
circuit restructuring and search strategies to check satisfiability and
sequential reachability. For example in [1] functional symmetry is
exploited to optimize a circuit implementation for low power con-
sumption and delay with limited area overhead. In [2] the authors
demonstrate that the size of the Binary Decision Diagram (BDD)
of a Boolean function can be reduced significantly if symmetric
variables are placed in adjacent positions. Based on this observa-
tion a specialized sifting procedure for dynamic variable ordering
was developed [3], which plays a crucial role in symbolic model
checking. Furthermore, symmetry of input permutations imply a
corresponding isomorphism of the function’s co-domain and thus
can be exploited to restrict the search space for satisfiability. For
example, in [4] symmetry breaking clauses are applied for this pur-
pose. Similarly, algorithms for state space traversal, which are key
in formal property checking, can significantly benefit from exploit-
ing symmetry of the state-transition relation [5].

A practical approach for detecting symmetry is based on spe-
cial language features such as symmetric data types [5]. However,
they are of little general value as they require the user to know the
symmetries and further to actually mark them in the specification.
A method for automatically detecting symmetries is preferable as
it is beneficial for a broader set of applications and is independent

of the front-end specification method.
The majority of functional approaches for automatically detect-

ing symmetries are based on analyzing multiple co-factors of the
function to be tested [3, 6, 7, 8, 9]. All these approaches have
the common problem that they require constructing a monolithic
BDD for the function which typically demands significant comput-
ing resources. Pomeranz, et al. [10] convert the symmetry detection
problem for Boolean networks into a test generation problem and
then employ Automatic Test Pattern Generation techniques (ATPG)
to detect them. Similar to BDD techniques, ATPG methods of-
ten suffer from their computational complexity. Furthermore, the
method presented in [10] provides only a test and must be applied
to a quadratic number of candidates in order to find all symmetries.
Chang, et al. [11, 12] introduced the notion of generalized implica-
tion supergates and proposed a linear time algorithm for symmetry
identification in a multi-netlist. However, similar to the previously
mentioned method, their approach is restricted to simple symme-
tries considering only complementing or non-complementing vari-
able swaps and cannot handle more general symmetries.

There have been multiple approaches for detecting functional
symmetries using structural methods. The method described in [4]
applies the off-the-shelf graph isomorphism package NAUTY [13]
to detect symmetries in CNF formulas. The result is used to gen-
erate symmetry breaking clauses to accelerate a following SAT
check. However, as reported by the authors, the generic approach
is slow and only applicable to CNF representations. In contrast,
our method works directly on a NOR circuit representation which
is more natural and also applicable to other domains, e.g. logic
synthesis.

The NAUTY package is based on the work of McKay [14] and
provides a general automorphism detection algorithm that takes a
vertex-colored graph as input and returns its automorphism group
in form of a set of generators. NAUTY is based on an iterative
partition refinement that starts from the initial graph coloring and
searches at each refinement step for automorphism generators. Be-
cause of its general nature that can handle arbitrary graphs, NAUTY

does not perform best in circuit applications. Based on this obser-
vation, Manku, et al. [15] proposed a specialized automorphism
detection algorithm [16] that is tuned for CTL formulas and BLIF
circuit descriptions. The algorithm is based on an interleaved re-
finement of two simultaneous graph partitioning processes.

Similar to the algorithms of McKay [14] and Manku [16], our
algorithm also uses partition refinement to filter possible automor-
phisms. However, we apply this refinement filter only once as a
preprocessing step and then use a brute-force branch-and-bound
algorithm to confirm the automorphisms. This approach works ef-
ficiently because in our applications the simple filtering step is able
to weed out the majority of false candidates; the remaining cases
can be quickly confirmed in the second step. Furthermore, before
the automorphisms are detected, our approach modifies the circuit
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graph to maximize its regularity and thus the potential for finding
more symmetries. As shown in the experimental section, the pre-
sented method works efficiently for practical circuits and is able to
find most of the existing functional symmetries.

2 Preliminaries
2.1 Functional Symmetry

In general, a given functionf (x1, . . . ,xn) is symmetric with
respect to a permutationπ of its inputs if f (x1, . . . ,xn) =
f (π(x1, . . . ,xn)). Clearly, the set of function-invariant input per-
mutationsΠ = {π1, . . . ,πm} forms a symmetric group under com-
position. The setG ⊆ Π denotes a set of symmetry generators if
all elements ofΠ can be generated by repeated composition of the
gi ∈ G. For example, the function

f = x1x2 +x3x4 + x̄5x6 (1)
is symmetric with respect to the permutations

Π = {(1,2,3,4,5,6),(2,1,3,4,5,6),(1,2,4,3,5,6),

(2,1,4,3,5,6),(3,4,1,2,5,6),(4,3,1,2,5,6),

(3,4,2,1,5,6),(4,3,2,1,5,6)}.

Here, instead of choosing the cycle representation, we use the
Cartesian notation for permutations.(k1, . . . ,kn) denotes the per-
mutation for which the variablexki is connected to inputi of f . The
given set of permutations can be synthesized by repeated applica-
tion of the following generators

GΠ = {(2,1,3,4,5,6),(1,2,4,3,5,6),(3,4,1,2,5,6)}.

As indicated by this example, a small set of generators can en-
code an exponential number of permutations; thus the concept of
symmetry generators provides an efficient mean for compactly ex-
pressing a large set of functional symmetries.

A generalized form of symmetry includes input complemen-
tation, i.e., a function might be symmetric with respect to a per-
mutation of its inputs combined with complementation of a subset
of them. When considering complementation, the following addi-
tional generator

G′
Π = {(5′,6,3,4,1′,2)}

can be used to describe a significantly larger set of symmetries for
the function given in (1). Here the notation(. . . ,k′i , . . .) denotes
that variablexki is first complemented and then connected to input
i of f .

Shannon’s original definition of functional symmetry [17] han-
dles the special case forπ = (1, . . . ,ki = j, . . . ,k j = i, . . . ,n),
i.e., he defines that a functionf is symmetric inxi and x j if
f (. . . ,xi , . . . ,x j , . . .) = f (. . . ,x j , . . . ,xi , . . .). Shannon’s form of in-
dividual variable swaps represents a subset of all generators and
thus can represent only a subset of the symmetries. For the
above given example these symmetries are described byGΠ =
{(2,1,3,4),(1,2,4,3)}.

In [10, 18, 19], the concept of functional symmetry is ex-
tended to include swaps between groups of inputs. Kravets and
Sakallah [9] give another generalization by introducing “higher-
order” symmetries based on hierarchical swaps of sets of inputs.
The authors of [9] also consider functional symmetry under input
complementation. Similar to Shannon’s limited definition of sym-
metry, this concept generally represents a subset of the symmetry
generators and thus cannot cover all functional symmetries present
in functions. However, for many existing circuits, the hierarchical
notation used in [9] covers the majority of all symmetries and thus
provides a practical approach.

2.2 Circuit Graph Representation

Most previous work on symmetry detection is based on building
BDDs for the function followed by an analysis of the co-factors.
These methods are inherently slow and not applicable in many
practical cases where BDDs cannot be constructed due to exorbi-
tant memory requirements. Our approach works directly on the
circuit representation. As we will show in the experimental sec-
tion, in all practical cases the algorithm runs very efficiently even
for large circuits.

For our analysis, we apply a “semi-canonical” circuit descrip-
tion with a minimum set of base functions in order to maximize the
probability to detect internal symmetries. We start our approach
from an AND/INV circuit representation of the function as pre-
sented in [20] including the described structural simplifications.
Figure 1(a) gives an example of a simple AND/INV circuit graph
which implements the functiony = x̄1x4 +x2 + x̄3. In the drawing
the vertices represent AND functions and dots at the arcs indicate
complementation of the corresponding function.

Next, the AND/INV structure is converted into a multi-input
NOR representation by maximally expanding AND clusters. We
further introduce pairs of vertices for each input, representing both
polarities of the input function.

More formally, a NOR circuit graph C= (V,X,X′
,E) is defined

as a set of gatesV, pairs of inputsX,X′, and a set of directed edges
E ⊆ ((X ∪X′ ∪V)×V), where the set of input verticesX andX′

represent the positive and negative input functionsxi andx̄i respec-
tively. Let y∈V denote the primary output of the circuit graph.

The function of outputy is computed recursively as:

f (v) =







xv : if v∈ X
x̄v : if v∈ X′

∑(u,v)∈E f (u) : otherwise

For the above example, Figure 1(b) gives the NOR circuit graph
representation. Note that the fan-in structure of the shown vertexv
has been replicated for the two fan-outs in order to generate NOR

gates with a maximum number of inputs.
In this example, the functional symmetry expressed by the gen-

eratorsGΠ = {(1,3′,2′,4),(4′,2,3,1′)} can directly be observed
in the circuit structure as graph automorphism. Informally, a graph
automorphism is a bijective mapping of the circuit graph vertices
that does not alter the graph topology. The idea of our over-
all algorithm is to detect the set of automorphisms in the circuit
graph which directly correspond to functional symmetries. By first
rewriting the AND/INV circuit in a locally canonical form [20] fol-
lowed by a conversion into the described maximal NOR structure,
the number of detectable automorphisms is maximized and so the
number of symmetries.

(b)(a)

x1 x4x2 x3 x4x3x2x1 x̄3x̄2x̄1

v

5

7

6

4′4

x̄4

y y

3′32′21 1′

Figure 1: Circuit example fory = x̄1x4 + x2 + x̄3: (a) Two-input
AND/INV representation, (b) Multiple-input NOR representation.
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2.3 Circuit Graph Automorphism
Our algorithm for structurally detecting functional symmetries

is based on computing the existing automorphisms in the circuit
graph. A bijective mapping of the graph verticesa : (X∪X′∪V)→
(X∪X′∪V) is defined ascircuit graph automorphismiff:

v1,v2 ∈(X∪X′∪V), xi ,x j ∈ X, x′i ,x
′
j ∈ X′ :

1. e(v1,v2) ∈ E ⇔ e(a(v1),a(v2)) ∈ E and

2. x j = a(xi) ⇔ x′j = a(x′i) or

x′j = a(xi) ⇔ x j = a(x′i)

Condition 2 ensures that we consider only simultaneous swaps
of the input vertex pairs representing the two polarities.

Let A = {a1, . . .ak} denote the set of automorphisms of circuit
graphC. As for functional symmetries, the setA forms a symmetry
group under composition. For the given example of Figure 1(b) the
set of automorphisms is

A = {(1,1′,2,2′,3,3′,4,4′,5,6,7),(1,1′,3′,3,2′,2,4,4′,5,6,7),

(4′,4,2,2′,3,3′,1′,1,6,5,7),(4′,4,3′,3,2′,2,1′,1,6,5,7)}.

LetGA = {Ga1, . . .Gak} denote the set of generators for the sym-
metry groupA. For the example this results in

GA = {(1,1′,3′,3,2′,2,4,4′,5,6,7),(4′,4,2,2′,3,3′,1′,1,6,5,7)}.

Note that the projection ofGA ontoX results in the generators
for the functional symmetries, i.e.,

GA ↓ X = {(1,3′,2′,4),(4′,2,3,1′)} = GΠ.

The key approach of our algorithm for symmetry detection is
based on first computing the generators for the automorphism fol-
lowed by a projection onto the input variables.

2.4 Circuit Graph Equivalence Classes
Our algorithm for detecting circuit graph automorphism first

generates a set of candidates for vertex swaps followed by a ver-
ification step to check individual candidate pairs. The set of can-
didates are computed by an iterative refinement procedure which
produces the coarsest graph partitioning for a structural equivalence
relation that is a necessary (but not sufficient) condition for auto-
morphism.

Given the NOR circuit graphC = (V,X,X′
,E), the equivalence

relationB⊆ (X∪X′∪V)× (X∪X′∪V) is defined as follows:

u,v,u1,v1 ∈ (X∪X′∪V), xi ,x j ∈ X, x′i ,x
′
j ∈ X′ :

1. (u,u) ∈ B

2. (u,v) ∈ B∧e(u,u1) ∈ E ⇒ ∃v1 ∈V. (u1,v1) ∈ B∧e(v,v1) ∈ E

3. (u,v) ∈ B∧e(v,v1) ∈ E ⇒ ∃u1 ∈V. (v1,u1) ∈ B∧e(u,u1) ∈ E

4. (xi ,x j ) ∈ B ⇔ (x′i ,x
′
j ) ∈ B or (xi ,x

′
j ) ∈ B ⇔ (x′i ,x j ) ∈ B

5. B(u,v) ⇒ |FI(u)| = |FI(v)| ∧ |FO(u)| = |FO(v)|

FI(u) andFO(u) are the sets of fan-in and fan-out vertices of
vertexu, respectively, i.e.,FI(u) = {v | (v,u) ∈ E},FO(u) = {v |
(u,v) ∈ E}.

An important property of the above given equivalence relation
is a necessary condition for automorphism, i.e.,

u = a(v) ⇒ (u,v) ∈ B

For the sample circuit given in Figure 1(b) the following vertices
are equivalent according to the given definition:

B = {{7},{5,6},{1,4′},{1′,4},{2,3′},{2′,3}}

Note that the second automorphism generator for that graph can
be computed by swapping the vertices of equivalence classes.

3 Symmetry Generator Detection Algorithm
3.1 Overview of the SG Algorithm

Figure 2 shows the pseudo code of the high-level flow of the
symmetry detection algorithm. The algorithm first constructs the
AND/INV circuit graph for a Boolean function and applies struc-
tural simplifications as described in [21]. The resulting structure is
then converted into a NOR circuit graph by forming maximal AND

clusters. Next, the coarsest partition according to the above defined
equivalence relation is computed. Since this relation is a neces-
sary condition for graph automorphism, the resulting equivalence
classes can be used as seeds for checking actual automorphisms.

Algorithm SG {
Construct AND/INV circuit and perform maximal merging;
Convert to NOR circuit graph;
B = Refine_Partitions((V,X,X′

,E));
Confirm_Generators(B);

}

Figure 2: High-level algorithm for detecting symmetry generators.

Figure 3(a) shows the AND/INV circuit graph for the Boolean
function y = (x̄1 + x2)(x̄3 + x4)(x̄8 + x̄9)(x̄9 + x̄10)+ x5 + x6 + x̄7,
where the two symmetry generators:

GΠ = {(1,2,3,4,6,5,7,8,9,10),(1,2,3,4,5,6,7,10,9,8)}

can be easily observed in the given structure. However other func-
tional symmetries, for example the Shannon symmetry betweenx5
andx7, are hidden by the AND/INV circuit graph because the cor-
responding AND structure is asymmetrically implemented. A con-
version from an AND/INV circuit graph to a maximal NOR circuit
graph can retrieve the hidden symmetries as shown in Figure 3(b).
Due to the maximal expansion of AND clusters, the resulting NOR

circuit graph reveals three additional symmetry generators:

GΠ = {(2′,1,3,4,5,6,7,8,9,10),(1,2,4′,3,5,6,7,8,9,10),

(1,2,3,4,7′,6,5′,8,9,10)}.

3.2 Circuit Graph Partition Algorithm
Figure 4 gives the pseudo-code for computing the coarsest par-

tition B. Our approach is based on the classical partition refinement
algorithm given by Hopcroft [22] which is broadly used for many
similar purposes. The algorithm uses a greatest fixpoint computa-
tion for successively refining a given partition. The initial set of
equivalence classes is based on a classification according to inputs
and non-inputs and the number of fan-ins and fan-outs. Next, the
algorithm iteratively refines the equivalence classes until no further
change occurs.

Applying this algorithm to the circuit of Figure 3(b), the initial
set of equivalence classes is:

B′ = {{1,2′,3,4′,8,10},{1′,2,3′,4,8′,10′},{5,6,7′},

{5′,6′,7},{9},{9′},{17,18,19,20},{23}}.

The next iteration of the algorithm will split the equivalence
class{17,18,19,20} into two parts resulting in:

B = {{1,2′,3,4′,8,10},{1′,2,3′,4,8′,10′},{5,6,7′},

{5′,6′,7},{9},{9′},{17,18},{19,20},{23}}.

After one more iteration, the fixed point is reached and the final
partition result depicted in Figure 3(b) is:

B = {{1,2′,3,4′},{1′,2,3′,4},{5,6,7′},{5′,6′,7},

{8,10},{8′,10′},{9},{9′},{17,18},{19,20},{23}}.

The vertices of each equivalence class are used as candidate
pairs for finding automorphisms. The corresponding checking rou-
tine is given in the next section.
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3.3 The Confirmation Algorithm

The second part of theSG algorithm includes the actual con-
firmation or verification step. Since the equivalence relation com-
puted in the first step does not necessarily imply graph automor-
phism, the confirmation step checks whether the stronger automor-
phism condition holds such that all circuit graph vertices can be
matched pairwise according to the property given in Section 2.3.

Figures 5 and 6 illustrate the proceduresConfirm Generators
andMatch. The algorithmConfirm Generatorschecks all possi-
ble symmetry assignments encoded in the equivalence relationB.
We use an index setI to avoid repeated processing of seed symme-
try pairs. The index setI is first initialized with all input variable
vertices. Then the two loops enumerate all seed symmetry pairs.
Each pair is first pushed onto the queueProcessQueue. During
processing, this queue contains all vertex pairs that still need to be
matched for a complete graph automorphism. The listGA stores
the confirmed mapping for a graph automorphism and is initialized
with the seed pair. The procedureMatch is invoked to determine a
complete matching of all remaining graph vertices. If an automor-
phism is detected, the corresponding entries are removed fromI to
avoid a repeated processing.

Algorithm Match performs a systematic attempt to match all
remaining vertices by a recursive processing of all vertex pairs of
the queueProcessQueue. It first makes a decision to pair up two
vertices from the corresponding equivalence class and then recur-
sively proceeds to collect more matches and vertex pairs that need
to be verified. In case of conflicting matches, a marking mechanism
allows to undo all assignments recorded inGA. To detect whether
there is a graph automorphism according to a seed symmetry pair,

y

x6x1 x2 x3 x4 x5 x7 x8 x9

12

23

22

212019

18171615

14

11 13

x10

(a)

y

x6x5 x8 x9x1 x2 x3x̄2 x4x̄3 x̄4 x̄5 x̄8x7 x̄7x̄6

23

19 20

17 18

x̄1

721 7′ 8 9 9′1′ 2′ 3 8′6′4′43′ 5′ 65 10 10′

x̄9 x̄10x10

(b)
Figure 3: Circuit graph for functiony = (x̄1 + x2)(x̄3 + x4)(x̄8 +
x̄9)(x̄9 + x̄10)+ x5 + x6 + x̄7: (a) Two-input AND/INV representa-
tion, (b) Multiple-input NOR representation.

Algorithm Refine_Partitions((V,X,X′
,E)){

B′ = {(xi ,x j ),(x′i ,x
′
j ) | xi ,x j ∈ X, x′i ,x

′
j ∈ X′ :

(|FO(xi)| = FO(x j )|)∧ (|FO(x′i)| = |FO(x′j )|)} ∪
{(x′i ,x j ),(xi ,x′j ) | xi ,x j ∈ X, x′i ,x

′
j ∈ X′ :

(|FO(x′i)| = |FO(x j )|)∧ (|FO(xi)| = |FO(x′j )|)} ∪
{(u,v) | u,v∈V : (|FI(u)| = |FI(v)|)∧ (|FO(u)| = |FO(v)|)}

do {
B = B′;
B′ = {(u,v) | (u,v∈ (V ∪X∪X′) :

(u,v) ∈ B ∧
∀e(u,u1) ∈ E : ∃v1.((u1,v1) ∈ B∧e(v,v1) ∈ E) ∧
∀e(v,v1) ∈ E : ∃u1.((v1,u1) ∈ B∧e(u,u1) ∈ E)) ∧

(xi ,x j ∈ X, x′i ,x
′
j ∈ X′ :

(xi ,x j ) ∈ B ⇔ (x′i ,x
′
j ) ∈ B ∨

(xi ,x′j ) ∈ B ⇔ (x′i ,x j ) ∈ B)};
} while(B′ 6= B)
return B;

}

Figure 4: Partition refinement algorithm for computing the coarsest
partition in a circuit graph according toB.

sometimes all possible combinations of the vertices from the same
equivalence class must be tried. If all tries fail, the algorithm back-
tracks to a previous level to undo the decision made before. If the
queueProcessQueuebecomes empty without encountering a con-
flict, a corresponding graph automorphism is found. The symmetry
generator contained in the detected automorphism consists of those
variable vertex pairs inGA. Projecting the graph automorphism
onto the input variable domain gives the corresponding symmetry
generator.

Algorithm Confirm_Generators(B){
I = X∪X′;
GΠ = φ;
for(∀x1 ∈ I ∧|FO(x1)| 6= 0){

for(∀x2 ∈ I ∧ (x1,x2) ∈ B){
ProcessQueue= φ;
GA = φ;
Push_On_Process_Queue(ProcessQueue,(x1,x2));
Put_On_GA(GA,(x1,x2));
if(!Match(ProcessQueue)) continue;
else{

GΠ = GΠ ∪{GA ↓ X};
for(∀(x3,x4) ∈ GA)

if(x3 6= x1) I = I \{x3};
else I = I \{x4};

}
}
I = I \{x1};

}
return GΠ;

}

Figure 5: Algorithm for detecting independent automorphism and
symmetry generators in a NOR circuit graph.

Figure 7 shows an example for the matching process. To get a
valid match of two vertices, both the fan-in and fan-out sides must
be checked. In the given example, according the indicatedB, the
fan-ins and fan-outs of vertices{v1,v2} have been partitioned into
two and three classes, respectively. Clearly, there is only one as-
signment to match the fan-ins ofv1 andv2: x11 with x22 andx12
with x21. However, on the fan-out side, case splits need to be in-
troduced because multiple fan-outs fall into the same equivalence
class. It may be required to enumerate all 24 permutations of ver-
tices to get a valid match.

4 Experimental Results and Discussion
The SG algorithm presented in Section 3 has been applied to

the LGSynth91 benchmark circuits. A total of 1535 Boolean func-
tions in 54 modules were tested. To make the results comparable
with the results in [9], both the number and the average size of hi-
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Algorithm Match(ProcessQueue){
if(Process_Queue_Is_Empty()) return true;
(v1,v2) = Pop_Out_Process_Queue(ProcessQueue);
for(∀u1 ∈ FO(v1)){

for(∀u2 ∈ FO(v2)∧ (u1,u2) ∈ B)){/* try all combinations */
/* check if vertices are already matched */
if(∃u3 6= u2.(u1,u3) ∈ GA) return false;
if(∃u3 6= u1.(u3,u2) ∈ GA) return false;
Mark_Process_Queue(ProcessOueueMark);
Mark_GA(GA Mark);
Push_On_Process_Queue(ProcessQueue,(u1,u2));
Put_On_GA(GA,(u1,u2));
if(( f lag = Match(ProcessQueue))) break;
Undo_Process_Queue(ProcessOueueMark);
Undo_GA(GA Mark);

}
/* if last failed then all failed */
if(! f lag)return false;

}
.../* handle fan-in side similarly */
return true;

}

Figure 6: Algorithm for matching both fan-in and fan-out sides of
a vertex pair.

erarchical symmetry partitions are computed based on the obtained
symmetry generators. Table 1 gives the detailed results. The first
column represents the design names. Columns 2,3, and 4 repre-
sent the number of primary inputs, primary outputs, and two-input
AND gates of the AND/INV graph of a design, respectively. For
comparison, the results of the functional approach proposed in [9]
are given in Columns 5 and 6. Columns 7 and 8 give the number of
symmetry partitions in the circuit and their average size obtained
by the SG algorithm. Column 9 shows the run time of the entire
SG algorithm and the last column gives the run time for the con-
firmation step only. The experimental results show that the SG al-
gorithm can detect 3227 independent symmetry partitions, which
are approximately 90% of the 3591 partitions detected by the func-
tional method. The structurally obtained symmetry partitions have
an average size of 2.71 and the functionally detected ones have an
average size of 2.94.

Notice that the structural method finds more symmetry parti-
tions with a relatively small size compared to those obtained by
the functional approach. This is because the structural method can-
not always use transitivity to combine small symmetry groups into
larger ones, e.g., in the presence of XOR graph structures.

The SG algorithm failed to detect existing symmetries in 80 of
the 1535 tested Boolean functions, where symmetries can be found
by the functional approach. Since the SG approach is based on cir-
cuit graph structures, it may fail on some irregularly designed cir-
cuits that include functional symmetries. However as pointed out
in [9], highly irregular functions are not well designed and other
implementations that are more compact and regular might be possi-
ble. This suggests that our structural approach to detect symmetries
is practically useful.

The experimental results also show the CPU time for each
benchmark module. Our experiments were conducted on a Sony
VAIO laptop with an Intel Pentium III processor with a clock rate

u11 u12 u13 u14 u15 u16 u17 u21 u22 u23 u24 u25 u26 u27

x11 x21x12

v1 v2

x22

Figure 7: Examples of matches and splits.

of 700MHz. The results demonstrate that the SG algorithm works
efficiently It also shows that the CPU time used for the confirmation
step is about one third of the total CPU time of the experiments.

5 Conclusion
In this paper, we presented a simple algorithm for structurally

detecting symmetries in Boolean functions. Our approach works
directly on an AND/INV circuit graph representation. To detect a
large number of automorphisms, a NOR circuit graph is derived.
The symmetry detection algorithm first applies circuit graph parti-
tion to cluster the vertices into equivalence classes which provide
candidates for symmetries. Next, an exhaustive search for vertex
mapping is used to detect graph automorphisms. The symmetry
generators are then obtained by projecting the automorphism gen-
erators onto the input variable domain.

Experiments and a comparison with the results obtained by a
functional approach show that the SG algorithm can efficiently de-
tect the majority of symmetry groups in practical Boolean func-
tions. Local rewriting techniques can be applied to further improve
the performance of the structural method. The presented algorithm
is scalable for large circuits and can be easily generalized for se-
quential circuits.
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