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Abstract

This paper presents the multi-valued SAT solver CAMA. CAMA
generalizes the recently developed speed-up techniques used
in state-of-the-art binary SAT solvers, such as the two-literal-
watching scheme for Boolean constraint propagation (BCP),
conflict-based learning with identifying the first unique implica-
tion point (UIP), and non-chronological back-tracking. In addi-
tion, a novel minimum value set (MVS) technique is introduced
for improving the efficiency of conflict-based learning. By ana-
lyzing the conflict clauses, MVS can potentially prune conflicting
space that has not been searched before. Two different decision
heuristics are discussed and evaluated. Finally the performance of
CAMA is compared with Chaff using a one-hot-encoding scheme.
The experimental results show that, for MV-SAT problems with
large variable domains, CAMA outperforms Chaff.

1 Introduction

Boolean satisfiability (SAT) has many applications in the area
of electronic design automation (EDA), artificial intelligence (AI),
and operations research (OR). It resembles the core of many prob-
lems in the field of computer-aided design (CAD) of integrated
circuits, including logic synthesis, functional verification, equiv-
alence checking, timing analysis, and automatic test pattern gen-
eration (ATPG) [1]. SAT is a classical NP-complete problem –
thus its algorithmic solution is believed to have exponential worst-
case complexity. Many approaches have been proposed to effi-
ciently solve practical SAT instances; most of them are based on
the Davis-Putnam-Logemann-Loveland (DPLL) branching proce-
dure [2, 3] and local search [4, 5]. Some of the advanced SAT
solvers include GRASP [6], SATO [7], POSIT [8], Chaff [9], and
BerkMin [10].

Many practical decision tasks in CAD can be formulated as
constraint satisfaction problem over a multi-dimensional, multi-
valued (MV) solution space. The application of a binary SAT
solver necessitates an encoding of the multi-valued dimensions us-
ing a set of Boolean variables, e.g. by applying a binary encoding
or one-hot-encoding (OHE). In general, such encoding requires
the specification of additional constraints, which exclude encoded
values that do not occur in the original formulation. For exam-
ple, if a six-valued domain variable is encoded using three binary
variables, the remaining two possible value assignments must be
excluded from the solution space by corresponding constraints.

In this paper we describe a generalized SAT solver that gen-
uinely works on a multi-valued representation of the original prob-
lem. Our approach is based on a formulation that uses a set of
clauses combining multi-valued literals. Compared to a binary
formulation, it represents the problem more compactly and avoids
additional clauses for excluding unused values. Furthermore, the
presented bit-parallel processing of Boolean Constraint Propaga-
tion (BCP) and conflict-based learning provides an efficient imple-
mentation working on the native structure of the problem.

The rest of the paper is organized as follows. Section 2 presents
some basis definitions and notations used in this paper. A brief in-
troduction of Davis-Putnam-Logemann-Loveland procedure and
decision heuristics are outlined in Section 3 and Section 4, respec-
tively. The generalized two-MV-literal watch scheme is described
in Section 5. In Section 6 the conflict analysis is explained in
detail. Experimental results are presented in Section 7 and conclu-
sion are given in Section 8.

2 Preliminaries

Definition 1 : xi ∈X denotes amulti-valued variablewith domain
Pi = {0,1, . . . |Pi |−1}.

Definition 2 : An assignmentto a multi-valued variable restricts
the possible values it can assume. A variablexi is calledassigned
to thevariable value set vi if xi can take any value fromvi ⊆ Pi
but no value fromPi\vi . If |vi | = 1, the variable assignment is
calledcomplete, otherwise it isincomplete. If all assignments to
the variablesxi ∈ X are complete, the set is calledfull assignment,
otherwise it is referred to aspartial assignment.

Definition 3 : A multi-valued literal xsi
i is a Boolean function

defined by:
xsi

i ≡ (xi = γ1)+ ...+(xi = γk)

whereγ j ∈ si ⊆ Pi , j = 1,2, ...,k. si denotes theliteral value set.

For example,x{1,4}
2 evaluates to true ifx2 is assigned to 1 or 4.

Obviouslyx/0
i ≡ 0, xPi

i ≡ 1.

Definition 4 : The valuationof a multi-valued literalx
sj

i with
respect to a variable assignment ofxi to value setvi is a multi-
valued function defined as follows:

V(x
sj

i )|vi =















1 if vi ∩sj = vi (i)
0 if vi ∩sj = /0 (ii)
X1 if vi ∩sj = sj (iii )
X2 otherwise (iv)

1



V = 1 andV = 0 means that the literal evaluates to true and
false, respectively.V = X1 orV = X2 denotes an unknown literal
value which can usually be treated indistinctly. However, differen-
tiating between the last two cases provides some valuable insight
into the relation of the setsvi andsj and will be exploited in Sec-
tion 5.

Lemma 1 : If a multi-valued variable is completely assigned,
then the valuations of all corresponding multi-valued literals are
uniquely determined to be either true or false.

Proof: If a multi-valued variable is assigned to a specific
value, then all corresponding multi-valued literals either contain
this value in their value sets, or not. According to Definition 4, it
satisfies either case (i) or case (ii), respectively. 2

Definition 5 : A multi-valued clauseis a logical disjunction of
one or more multi-valued literals. A MV-clause is denoted as:

ωk = ∑x
sj

i

For example,ω2 = (x{1,3}
3 +x{1,4,5}

2 +x{0}
5 ).

Lemma 2 : A multi-valued clause evaluates to true, if at least one
of the multi-valued literals evaluates to true. It evaluates to false,
if all the multi-valued literals evaluates to false.

The proof of Lemma 2 follows directly from Definition 5.

Definition 6 : If one literal of a clause evaluates toX1 or X2
and the remaining literals evaluate to false, the unassigned literal
is called aunit literal, and the corresponding clause isunit. A
conflict occurs when all literals in a clause evaluate to false; the
clause is then referred to asconflicting clause.

Definition 7 : A formula in multi-valued conjunctive normal
form (MV-CNF) is the logical conjunction of a set of multi-valued
clauses.

In this paper, we consider multi-valued SAT problems that are
represented by MV-CNF formulas.

Lemma 3 : An MV-CNF formula evaluates to true, if all its multi-
valued clauses evaluate to true.

The proof of Lemma 3 follows directly from Definition 7.

Definition 8 : A multi-valued SAT problem issatisfiable, if there
exists afull assignmentfor which the MV-CNF formula evaluates
to true. The corresponding full assignment is referred to as asolu-
tion. The problem isunsatisfiable, if no such solution exists.

Definition 9 : A decisionin a multi-valued SAT solver is the
selection of a variable from the set of unassigned or incompletely
assigned variables, and its assignment to a refined value set. This
assignment is referred to asdecision assignment.

Definition 10 : Multi-valued resolutioncombines two MV-
clausesω1 = ∑x

sj

i +xs andω2 = ∑x′
s′j
i +xs′ to form a new clause

ωres = ∑x
sj

i + ∑x′
s′j
i +xs∩s′ . Variablex and clauseωres are called

theresolving variableandresolvent, respectively.

Lemma 4 : Supposeωres is a resolvent from clausesω1 andω2.
A full assignment evaluatesωres to true if for this assignmentω1
andω2 evaluate to true, i.e.,ω1∧ω2 ⇒ ωres.

Proof: For a full assignment, the value of the resolving variable
x is uniquely contained in one of the sets of the partition{P\ s∩

s′,s∩s′}. If the value ofx is part ofP\s∩s′, thenω1∧ω2 implies

that either∑x′
s′j
i or ∑x

sj

i must evaluate to true. Otherwise, bothxs′

andxs evaluate to true. Henceω1∧ω2 ⇒ ωres. 2

Note that the encoding of a multi-valued problem using binary
variables results in a less compact CNF formula which has a differ-

ent structure. For example, the clauseω = (x{1,3}
1 + x{1,4,5}

2 ) can
be one-hot encoded into the binary clauseωb = (x11+x13+x21+
x24+x25) were thexi j denote binary variables that are true iff the
MV-variable xi assumes valuej. To make the solution space of
the encoded problem consistent with the one of the original MV-
problem, a set of additional constraints must be added to the binary
formula which exclude all assignments to thexi j that are not one-
hot.

For a binary encoding, the values of each MV-variable domain
Pi are encoded by a set ofn binary variables wheren = log2|Pi |.
However, the conversion of a MV-clause into a binary equivalent is
not straight forward. Each MV-literal potentially requires multiple
conjunctions of binary literals; the conjunctions must be resolved
for obtaining a CNF clause.

3 Davis-Putnam-Logemann-Loveland Procedure

Solving a MV-SAT problem can be performed by an exhaus-
tive search of the domains of all multi-valued variables, until a full
assignment satisfying the MV-formula is found. If such assign-
ment does not exist, the problem is unsatisfiable. One of the most
practically successful algorithms solving the satisfiability problem
is the Davis-Putnam-Logemann-Loveland (DPLL) procedure for
which Figure 1 outlines a typical implementation used in modern
solvers (e.g. [6, 9, 10]).

Algorithm DPLL () {
while (decide() == SUCCESS) {

while (deduce() == CONFLICT) {
if (analyze conflict() == FAILURE)

return UNSAT;
}

}
return SAT;

}

Figure 1: General Davis-Putnam-Logemann-Loveland procedure.

When solving an MV-SAT problem, the functionality of the
three core procedures must be adjusted to the generalized nature
of the multi-valued logic. The proceduredecidemakes a decision
assignment. It returns FAILURE, if all variables are completely
assigned. Otherwise it returns SUCCESS.

The procedurededuceis the deduction process, also referred
to asBoolean constraint propagation(BCP). It evaluates the MV-
clauses based on the assignments made so far. If a conflict is en-
countered it returns CONFLICT. If a unit clause is identified, the
unit literal is forced to be true, i.e., the corresponding variable must
take values from the unit literal value set. If there is an earlier as-
signment to this variable, an intersection of the variable value set
and the unit literal value set provides the finalimplication assign-
ment. If no further implications can be derived,deducereturns
SUCCESS.

The procedureanalyzeconflict identifies assignments causing
the conflict and adds a clause to the formula which represent an
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abstraction of unsatisfiable parts of the solution space. The added
clause is referred asconflict-induced clause, or learned clause.
The process of constructing the learned clauses is calledconflict-
based learning. A conflict is resolved bybacktracking. Backtrack-
ing undoes all recent assignments up to the most recent decision
responsible for the conflict. In many cases not all decisions made
so far are responsible for the conflict. In these cases it is possible
to backtrack beyond one decision level. This is referred to asnon-
chronological backtracking. If the conflict cannot be resolved, i.e.,
all decision assignments will cause a conflict,analyzeconflict re-
turns FAILURE.

4 Decision Heuristics

In case of MV-variables, a key part of the decision heuristic is
the determination of the optimum number of values assigned at a
decision. There are two extreme cases: (1) The decision chooses
exactly one value from the variable value set, or (2) the decision
excludes exactly one value from that set.

The first case, also denoted aslarge decision schemeleads im-
mediately to a completely assigned variable for each decision. As
a result, according to Lemma 1, the values of all corresponding
literals become either true or false. Therefore, the maximum deci-
sion depth is equal to the number of multi-valued variables. The
advantage of the large decision scheme is the relatively small deci-
sion depths with a rapid reduction of the potential solution space.
On the other hand, since the search is restricted to a small sub-
space, the conflict-induced clauses, derived by the complement of
this space, are rather weak and contain little information for con-
straining the future search.

The second case, also referred to assmall decision scheme, uses
an approach that further refines the current incomplete assignment
of the decision variable by removing one value from the variable
value set. Obviously, the potential depth of the decision tree in-
creases and can be as large as the sum of the sizes of all vari-
able domains and thus results in a corresponding decision over-
head. However, the advantage of this scheme is that since only
one value is excluded per decision, the two-value-watch scheme
needs to visit only clauses with the excluded value watched. Fur-
thermore, the conflict-induced clauses from small decisions are
generally stronger than the ones from large decisions.

The decision heuristic works closely with the deduction pro-
cess and conflict analysis. In CAMA, the large decision heuris-
tic is applied because it works efficiently in combination with the
two-literal-watching scheme and conflict analysis using the MVS
technique described in Section 6.2.2. The MVS technique com-
pensates for the potentially weak learning of large decisions by
applying MV-resolution which can learn clauses that are stronger
than the complement of a conflicting assignment.

The previous discussion about decision heuristics can be ex-
tended to implication assignments. If the implied variable is in-
completely assigned, we could choose to either process the im-
plication assignment in the deduction engine as normal, or to just
update the variable value set and skip the deduction. In Section 7
we evaluate the impact of the two decision schemes based on a set
of benchmarks.y

Wi: Set of watch literals associated to variable xi

Tj: Set of non-false literals in clause j

Algorithm two MV lit watch(xi) {
foreach l i j ∈Wi {

while (evaluate(l i j) == FALSE) {
if (Tj == /0)

identify conflict( j);
return;

elseif (|Tj | == 1)
identify implication(Tj);
break;

else
Wi = Wi\{l i j };
lk j = get next(Tj);
Wk = Wk ∪{lk j};
break;

}}}

Figure 2: Pseudo-code for the two-MV-literal-watching scheme.

5 Boolean Constraint Propagation

For solving practical SAT problems, a significant portion of
the run time is spent in BCP. Thus its efficient implementation is
critical for the overall solver performance. In CAMA, we gener-
alized the BCP techniques used in current state-of-the-art binary
SAT solvers.

5.1 Two-MV-Literal-Watching Scheme

In the two-literal-watching scheme outlined in the algorithm of
Figure 2, for every clause two literals are monitored for changes of
their corresponding variable assignments. The clause is processed
during BCP only when one of the watched literals evaluates to
false. Otherwise, only the variable value set needs to be updated
which can be done independently of the clauses. When a watched
literal evaluates to false, a new watched literal is chosen from the
set of non-false literals in the clause. If no such literal is found, the
other watched literal is identified as the unit literal, and the clause
becomes unit. A conflict occurs if both watched literals evaluate
to false.

5.2 Evaluation of Multi-Valued Literals

Figure 3 gives the pseudo-code for the evaluation of a literal
with respect to a variable assignment according to Definition 4.
We use the C-struct style notationsx.val setandl .val setto denote
the value set of variablex and literall , respectively. Note that the
evaluation is invoked at each step of BCP. Since it is one of the
most frequently called functions in the solving process it must be
implemented efficiently. By using a bit-parallel representation for
the value sets, word-wide computer instructions can be applied to
perform the individual evaluation and propagation steps.

There are two other key applications of the literal evalua-
tion. First, a TRUE valuation (case (i) in Definition 4) can be
used to identifyredundant implications, which do not further re-
strict the values the variable can take. For example, the implica-
tion x2 = {1,3,4} is redundant if there was an earlier assignment
x2 = {1,3}. The evaluation of the unit literal allows the deduction
engine to recognize this redundancy and skip the implication.

Second, an evaluation toX1 (case (iii) in Definition 4) can be
used to identify implication assignments that are not affected by
earlier variable assignments. This situation occurs when the final
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Algorithm evaluate(l) {
x = get variable(l);
imp val set= x.val set ∩ l .val set;
if (imp val set == x.val set)

return TRUE;
if (imp val set == /0)

return FALSE;
if (imp val set == l .val set)

return X1;
return X2;

}

Figure 3: Algorithm for evaluating a multi-valued literal.

implication assignment is identical to the immediate implication.
This information is useful for conflict analysis to determine if this
variable should be marked or included in the new clause or not.
More details of this process are given in Section 6.2.2.

6 Conflict Analysis

Generally, conflict analysis identifies the set assignments
which is responsible for a conflict and uses this set to construct a
learned clause. This clause represents a constraint preventing the
same assignment to occur in the future by generating implications
before the conflict is reached again. Other tasks performed dur-
ing conflict analysis include: identifying the backtracking level,
undoing all recent assignments, and determining the next search
direction.

6.1 Binary Conflict Analysis

Traditional conflict analysis utilizes animplication graph(IG)
which reflects the causal and temporal relationship between deci-
sions and implications. The IG is a directed acyclic graph where
the set of vertices represent the assignments and the edges provide
the causal relationships between them. The actual clauses causing
the implication during BCP are recorded for the assignments. Note
that not all assignments made at any point of the search are neces-
sarily involved in a conflict. The goal of conflict-based learning is
to derive a compact clause that reflects the conflicting assignments
and avoids them in the future.

Learning can be viewed as processing the implications in the
IG in reverse order of the original implication sequence and per-
forming resolution operations in order to derive a conflict-induced
clause. Each resolution step combines the clause derived so far
with the one that caused the implication at that point. Every step
of this process corresponds to a cut in the IG that separates the
conflict vertex from the ones representing the decisions. An im-
portant invariant is that the generated clauses corresponding to the
cuts remain under conflict for the current partial assignment, thus,
any of them could be learned from the conflict.

GRASP [6] was the first to select a particular cut that facilitates
the overall SAT search. By choosing the first cut for which the
conflict-induced clause contains only one literal at the current de-
cision level, the clause can be used to “flip” this variable by BCP
and thus drive the search forward without the need to explicitly
branch to the complemented search space. The corresponding lit-
eral vertex in the IG is also referred to asunique implication point
(UIP).

x4 = {0}@d1

x3 = {3}@d2

x1 = {1}@d2 con f lict
ω2 ω3

Implication Sequence

x2 = {0,1}@d2
ω1

ωl1 ωl2

Figure 4: Implication graph and learned clauses for example.

It should be noted that an efficient implementation of learning
in binary SAT solvers, e.g. Chaff [9] does not explicitly perform
the resolution steps. Instead, they simply collect the “unresolved”
literals at the first cut that has a single literal at the current decision
level and combine them to the learned clause. For MV-SAT this
simplification would also yield in a clause that drives the search
forward, however, in many cases it is weaker than the one derived
from exact resolution. In the following we will describe MV-SAT
learning using a novelMVS techniquewhich produces a stronger
learned clause than the traditional “collect and complement” ap-
proach.

6.2 Multi-Valued Conflict Analysis

6.2.1 Motivation
We use the following example to compare the learning scheme

using the MVS technique with a binary learning scheme based on
collecting the “unresolved” literals:

ω1 = (x{1}
3 +x{0,1}

2 )

ω2 = (x{1,3}
4 +x{0}

3 +x{1}
1 )

ω3 = (x{2}
2 +x{2,3}

1 +x{3}
4 )

Assume that all variables can take values from{0,1,2,3} and
that the following two decisions were made:x4 = {0} at level 1,
andx3 = {3} at level 2. Figure 4 shows the corresponding IG; it is
assumed that the implications were made from the left to the right.
The traditional learning scheme would collect all unresolved liter-
als and combine their complement to form the following conflict-
induced clause:

ω′
l1

= (x{1,2,3}
4 +x{0,1,2}

3 ) (1)

This clause is sufficient to implyx3 = {0,1,2} from the assign-
mentx4 = 0 and thus drive the SAT search into unexplored terri-
tory. However, the following sequence of exact resolution steps
would yield a stronger clause. The first step is:

ω3 = (x{2}
2 +x{2,3}

1 +x{3}
4 )

ω2 = (x{1,3}
4 +x{0}

3 +x{1}
1 )

ωl2 = (x{2}
2 +x{1,3}

4 +x{0}
3 )

Here we adopt the notation that the antecedents are shown
above the line and the consequences below the line. Note that
the shown resolution eliminated the literals ofx1. Variablex1 was
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Ad: Assignment stack at decision level d,
Ψ: Set of marked variables,
Θ: Set of variables in the learned clause,
V(ω): Set of variables in clause ω,
Σd(ω):Set of variables assigned at decision

level d in clause ω.

Algorithm conflict analysis(ωc) {
d = get max dec level(ωc);
if (d == 0) return FAILURE;
b = d;
Ψ = Σd(ωc);
Θ = V(ωc) \ Σd(ωc);
foreach assignment α ∈ Ad {

xα =get variable(α);
if (xα ∈ Ψ) { /* skip unrelated assignments */

Ψ = Ψ \ {xα};
if (Ψ == /0) { /* identify UIP* /

Θ = Θ∪{xα};
/* new clause from Θ and the x.resolve set’s */
ωl = create learned clause(Θ);
b = get max dec level(ωl);
imply(ωl); /* add to database and do BCP */
break;

}
ωa = get antecedent(α);
visit clause (ωa,xα,d,Ψ,Θ);

}
}
back track(b);
return SUCCESS;

}

Figure 5: Description of the conflict analysis process.

implied byω2 with the result that literalx{2,3}
1 of ω3 evaluated to

false, causing the conflict. By construction, the resolution opera-
tion dropsx1 because the literal value sets forx1 in ω3 andω2 are
non-overlapping. The next resolution step yields:

ωl2 = (x{2}
2 +x{1,3}

4 +x{0}
3 )

ω1 = (x{1}
3 +x{0,1}

2 )

ωl1 = (x{1,3}
4 +x{0,1}

3 )

Here the literals forx2 where eliminated. It is easy to show that
the resolution steps performed in reverse implication order always
lead to an unsatisfied literal value set for the variable implied at the
corresponding BCP step. This is because its literal was either (1)
part of the conflicting clause and thus its literal evaluated to false
for the current assignment, or (2) it evaluated to false for another
clause which triggered an implication in a BCP step subsequently
leading to the conflict.

Note that clauseωl1 derived by resolution is significantly
stronger than clauseω′

l1
learned by simply collecting the comple-

mented literals at the learning cut. By addingωl1 the assignment
x4 = {0} impliesx3 = {0,1} which in addition to the conflicting
assignmentx3 = {3} also eliminates the casex3 = {2} from con-
sideration, although this part has never been searched before.

In the following section we describe the minimum value set
technique which implements general resolution in an efficient
manner.

6.2.2 Minimum Value Set Based Learning

As shown before, general resolution may eliminate values from
the value sets of learned clauses which have not been responsible

Algorithm visit clause (ωa,xα,d,Ψ,Θ) {
foreach l i ∈ ωa {

if ((xi = get variable(l i)) != xα) {
xi .resolveset= xi .resolveset ∪ l i .val set;
if (decision level(xi) == d)

Ψ = Ψ ∪ {xi}; /* still to be processed */
else /* xi assigned at earlier decision */

Θ = Θ ∪ {xi}; /* to be learned */
}
else { /* xi is the resolving variable */

if (flag(xi)) == PREVIOUSLY ASSIGNED) {
xi .resolveset= xi .resolveset ∩ l i .val set;
if (decision level(xi) == d)

Ψ = Ψ ∪ {xi}; /* still to be processed */
else /* xi assigned at earlier decision */

Θ = Θ ∪ {xi}; /* to be learned */
}

}
}

}

Figure 6: Algorithm for MVS-based learning scheme

for the actual conflict. Theminimum value set(MVS) technique
helps to identify these values such that the value set of each MV-
literal in the learned clause is minimal. Similar to the binary case,
the conflict-induced clause is constructed by visiting the conflict-
ing clause and the antecedent clauses that led to the conflict. The
overall algorithm for MV conflict based learning is shown in Fig-
ure 5 and the details of the MVS technique are given in Figure 6.

The conflict analysis begins with analyzing the conflicting
clause. The maximal decision level of the variables in the clause
determines the chronological decision level at which the clause
was processed during BCP. If the conflict clause has a maximal
decision level of 0, the conflict is independent of any decision and
thus the algorithm immediately returns FAILURE.

During the main loop of the conflict analysis, we maintain a
set of variablesΘ which is used to construct the learned clause,
and a set of variablesΨ which corresponds to assignments at the
current decision level that are responsible for the conflict. The
two sets together represent a cut in the IG. Using the antecedent
clauses recorded for each implied assignment, the algorithm tra-
verses the IG backward and updatesΘ andΨ until a UIP is found.
Ψ is updated by adding all variables from traversed clauses that
where assigned at the current decision levels andΘ collects the
corresponding variables from earlier decision levels. The first UIP
is detected when during the processing the last variable is removed
from Ψ.

Key of the MVS technique is the computation of an resolution
value setx.resolvesetfor each variablex. This set reflects the val-
ues to be used in the learned clause. The corresponding compu-
tation is shown Figure 6 which is based on the inference rules for
a generalized MV-resolution described in Definition 10. For each
literal of a clause that is processed during the IG traversal the res-
olution value set of the corresponding variable is updated. For all
literals that did not cause the currently processed assignment, i.e.,
the ones related to non-resolving variables, the setx.resolveset is
simply updated by adding the values from the literal value set. De-
pending on the decision level at which the variable was assigned,
it is added toΘ or Ψ for the current decision leveld or an earlier
one, respectively.

When processing the resolving variable, it is dropped from the
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learned clause unless the implied assignment was affected by a
earlier assignment which could have happened on a earlier deci-
sion level or on the current one. This is because in contrast to
literals of binary variables, MV-literals can be assigned multiple
times during BCP before they become true or false. To illustrate
this case, consider the following example:

ω1 = (x{0,2}
1 +x{1,2,3}

2 )

ω2 = (x{1,4}
3 +x{0,1}

2 )

ωl = (x{0,2}
1 +x{1}

2 +x{1,4}
3 )

Suppose there is an earlier level assignment:x2 = {0,3} and a
current assignment isx1 = {1}. This will lead to the implied as-
signmentx2 = {3} from ω1. In this example, the implication was
affected by the earlier level assignment, which is recorded during
BCP by setting a flag PREVIOUSLYASSIGNED associated with
the recording of the antecedent clause. During conflict analysis,
whenω1 is visited as the antecedent ofx2 = {3}, the flag indicates
that the assignment was affected by an earlier level assignment to
its variable. As a resultx2 must be added toΘ to be part of the
learned clause. The new resolution value set forx2 is {1} and is
constructed by intersecting the literal value set{1,2,3} with its
current resolution value set{0,1}, e.g. produced by processing
clauseω2. Note that the resulting resolution value set is smaller
than{1,2}, the complement of the earlier level assignment value
set.

An important advantage of the MVS techniques is the side ef-
fect that a large decision scheme will not ”hurt” the learning ef-
ficiency. In other words, a search based on large decisions does
not necessarily lead to weak learning. For the example used in
Section 6.2.1 the clauseωl1 can also be learned for the decisions
x4 = {0,2}, x3 = {2,3}, which corresponds to a larger search
space.

6.3 Original Assignment Storage Mechanism

As stated in Section 3, the final implication assignment is deter-
mined by the intersection of the current variable value set and the
immediate implication. However, the intersection operation is not
reversible, i.e., the original variable value set cannot be restored by
performing simple set operations on the final implication and the
unit literal value set. As a result, the traditional ”undo assignment”
mechanism typically used in binary SAT solvers is not applicable.

The idea of theoriginal assignment storage(OAS) mechanism
is derived from the observation that the exact values of the assign-
ments are never used in the MVS based conflict analysis. Only the
variable index of the assignment is needed. One can take advan-
tage of the MVS technique by not storing the ”real” assignment
value set on the assignment stack, but instead the original value
set of the variable just before the intersection operation. The OAS
mechanism simplifies the ”undo assignment”, because all assign-
ments to be restored are on the assignment stack.

7 Experiments

In this section we first describe the set of MV-SAT benchmarks
and then report the results of the following four experiments: (1)
The two decision heuristics discussed in Section 4 are compared.
(2) The efficiency of MVS technique is evaluated by comparing

two learning schemes. (3) The performance of CAMA is com-
pared with zChaff [9]. (4) The results of some preliminary experi-
ments on the MV-reasoning for Boolean circuits are reported.

Note that the implementation of CAMA regarding the variable
selection heuristic and processing is similar to the architecture of
zChaff [9]. This allows a fairly good evaluation of the advantages
of the MV scheme in comparison to a binary solver. Other speedup
techniques, e.g. the decision processing used in BerkMin [10] are
orthogonal and can be added for a more comprehensive solver. For
comparing the performance of CAMA with zChaff, we use OHE
to transform the MV-SAT problem into a binary SAT problem.

7.1 MVSIS Benchmarks

The MVSIS [11] benchmarks were derived from applications
in data mining, artificial intelligence, and other areas. The MV-
SAT problems are formulated as an equivalence check of MV-
functions before and after minimization using the MVSIS pack-
age. Though most of the benchmarks are relatively easy to solve,
their statistics provides valuable insight into the decision heuris-
tics and learning schemes. In addition to the standard bench-
marks we also created a test suite namedm4. It includes a series
of equivalence checks of MV-functions of the formf (i, j,k, l) =
max(i,min( j,max(k, l)))) before and after minimization. For the
various test instances, we use different variable domain sizes in
the original MV-functions, which are indicated by the last digit
of benchmark name. The goal is to demonstrate how the solver
performs with increasing variable domain size.

7.2 DIMACS Benchmarks

In this test suite, we use five PHOLE instances of the “Pigeon
hole” problem from the DIMACS benchmarks in SATLIB [12].
The problem checks whethern+ 1 pigeons can be placed inn
holes without two pigeons occupying the same hole. Though the
answer is obvious, the “Pigeon hole” problem is known to be one
of hardest SAT problems.

An MV-SAT formulation of the problem is straightforward:
n+1 MV-variablesx1, . . .xn+1 are introduced for the pigeons with
variable domains sizes equal ton, the number of holes. An as-
signment ofxi = j means that pigeoni is placed in holej. The
MV-CNF formula is composed ofn2(n+1)/2 MV-clauses repre-
senting that pigeoni and j can not be placed in the same holek

which corresponds to the clause (xP\{k}
i +xP\{k}

j ).

7.3 MV-Reasoning for Boolean Circuits

In order to evaluate the efficiency of an MV-SAT approach for
solving traditional two-valued circuit benchmarks, we converted
a set of circuit-based SAT problems into corresponding MV-SAT
problems. The conversion is performed by simply clustering mul-
tiple binary variables into one MV-variable. This technique can
be viewed as a ”decoded” approach as opposed to the encoded
method applied when using binary solvers for MV-problems.

For the decoding, we first convert the Boolean circuit into
an two-input AND/INVERTER graph. We then traverse the
AND/INV graph to combine pairs of AND vertices that share one
or both fanins into clusters. For each cluster an MV-variable is
created that encodes all possible input value combinations. If one
or both inputs are shared, a four-value or eight-value variable is
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Figure 7: Illustration of connection constraint on clusters.

used, respectively. All gates that are not paired form single-gate
clusters.

The MV-clauses of the SAT problem are created based on the
connectivity constraints. For example, if an output of clusterG1
is connected to an input of clusterG2 two constraints are added
to the formula that enforce consistent value assignment for both
clusters.

Figure 7 illustrates the clustering approach for four two-input
AND gates and two inverters which are marked as dots at the AND
inputs. The AND gates are combined into two clustersG1 andG2.
The possible input values of clusterG1 are represented by the MV-
variableg1 with domain{0,1,2,3} corresponding to(x1,x2) =
{(0,0),(0,1)(1,0),(1,1)}. Similarly, clusterG2 is represented by
g2 for which the value set{4,5,6,7} corresponds tox3 = 1. The
consistency of the connection fromG1 to G2 is enforced by the
following two clauses:

ω1 = (g{0,1,3}
1 +g{4,5,6,7}

2 )

ω2 = (g{2}
1 +g{0,1,2,3}

2 )

In general, clustering can reduce the number of variables and
clauses compared to a binary encoding. Thus, it has the potential
to reduce the difficulty of the problem.

7.4 Results

All experiments are conducted on a Pentium III 700MHz ma-
chine with 256M memory. The reported run times do not include
the part spent on reading the CNF formula. All benchmarks are
unsatisfiable (UNSAT).

Table 1 gives the result of a comparison of the large and small
decision heuristic schemes. In both cases, the MVS learning
method was applied. The results suggest that, for MV-SAT prob-
lems with large variable domain, the large decision scheme works
better than the small one.

The results of comparing two learning schemes are shown in
Table 2. The first scheme applies the MVS technique whereas the
second scheme uses plain learning of the complemented UIP cut
assignment. The advantage of the MVS technique is clearly shown
in the reduced number of decisions, learned clauses, and implica-
tions needed to solve the instances. Furthermore, the runtime in-
creased dramatically when solving the PHOLE instances without
using MVS technique. It indicates that, for hard MV-SAT prob-
lems, the MVS technique is critical for the solver performance.

The performance comparison of CAMA to Chaff are presented
in Table 3. It is evident that the runtime of both solvers increases
exponentially with the variable domain size, however, CAMA sig-
nificantly outperforms Chaff for problems with larger variable do-
main.

The preliminary experimental results for using an MV-SAT
solver on binary circuit problems are shown in Table 4. Two
versions of ISCAS circuits are functionally compared with and
without clustering. The results indicate that, for certain applica-
tions, solving clustered MV-problems consumes less time. We
expect that a more advanced decoding approach that uses larger
gate clusters and corresponding variable domains would perform
significantly better.

7.5 Discussion

The experiments reveal some fundamental insights into the ad-
vantages of using MV-variables as opposed to a one-hot encod-
ing using binary variables. In a OHE approach, additional clauses
must be used to explicitly encode the constraint that exactly one bi-
nary variable in the OHE of a MV-variable should be true. In con-
trast, these constraints are implicitly stored, processed, and lever-
aged in various ways by CAMA during decision, deduction, and
learning.

During deduction, a bit-parallel representation is used to store
and manipulate the value set of MV-variables and literals. Effi-
cient word-wide operations can significantly reduce unnecessary
watch pointer movements. The binary encoded approach dramati-
cally increases the number of literals in each clause, especially for
problems with a large variables domain size. Clearly, compared
with CAMA, this results in a significantly larger number of watch
pointer movements before a unit clause or conflict is identified.

In contrast to the presented MV-method the binary encoded ap-
proach accepts only complete assignments and cannot handle in-
complete ones. For CAMA, these incomplete assignments lead to
more freedom in driving the search in a particular direction. Intu-
itively, the success of the binary encoded approach depends more
on a good decision heuristic when compared with CAMA. This
also explains in part the increased number of added clauses in an
encoded approach shown in Table 3.

8 Conclusions

In this paper we present the multi-valued satisfiability solver
CAMA. It generalizes the efficient SAT search techniques ap-
plied in state-of-the-art binary solvers including the two-literal-
watching scheme and conflict based learning. A novel MVS
technique is described which improves the efficiency of learning
by identifying a conflicting subspace that has not been searched
before. The presented OAS mechanism facilitates an efficient
undo of variable assignments. Our experimental results show
that CAMA outperforms Chaff using a one-hot-encoding for solv-
ing MV-SAT problems with large variable domain. Furthermore,
some preliminary experiments indicate that the decoding of binary
SAT problems into MV-SAT problems based on variable cluster-
ing could reduce problem size and decrease solution time.
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